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El tiempo de supercómputo asignado para el proyecto “Transporte Cuántico en Sólidos 

Aperiódicos con y sin Impurezas Aplicando Campo Eléctrico” nos ha permitido publicar dos 

artículos en revistas indexadas y una memoria de congreso. Además, dos de los alumnos 

participantes en el proyecto obtuvieron su grado de Maestría y nos permitió participar en 

cuatro congresos internacionales. A continuación, se resume los avances de la investigación 

Estudiamos el transporte electrónico por medio de los métodos de renormalización en 

espacio real desarrollados previamente para la fórmula de Kubo-Greenwood en sistema 

cuasiperiódicos y aperiódicos, donde el arreglo atómico sigue la secuencia de Fibonacci 

generalizada. Además, desarrollamos un nuevo método de renormalización unificado para el 

inverso de la razón de participación (IPR) en cadenas de Fibonacci generalizada, con el 

objetivo de estudiar la localización electrónica. Encontramos una ecuación analítica para el 

coeficiente de Lyapunov de una cadena periódica. Nuestros resultados muestran que, si las 

redes son cuasiperiódicas, el promedio espectral de la conductividad DC y de la razón de 

participación decaen siguiendo una ley de potencias cuando la longitud de las redes se 

incrementa. En cambio, si las redes son aperiódicas este promedio espectral decae 

suavemente. También realizamos un análisis detallado del espectro de la conductividad AC 

tanto para sistemas cuasiperiódicos como para no-cuasiperiódicos, encontrando zonas de muy 

alta conductividad (más de tres órdenes de magnitud) que superan ampliamente a la de los 

sistemas balísticos. En paralelo, se desarrollaron nuevos métodos de renormalización para la 

matriz de transferencia con el fin de estudiar la transmitancia fotónica en multicapas 

aperiódicas. Las capas siguen las secuencias de Fibonacci generalizada, Thue Morse 

generalizada, doble periodo y Rudin Shapiro. Nuestros resultados muestran un pico de 

transmisión perfecta en =0 para multicapas con simetría de espejo y considerando la 

condición de un cuarto de onda. Se realizó un análisis detallado del ancho de este pico para 

diseñar un mejor filtro. Además, se varió el ángulo de incidencia para las polarizaciones 

transversal eléctrica y transversal magnética, encontrando que esta última no destruye el pico 

solo lo recorre suavemente. Estos resultados fueron la base del protocolo de investigación del 

alumno Juan Guillermo Munguía Fernández, que aprobó su examen de candidatura al grado 

de doctor en el Posgrado de Ciencias e Ingeniería de Materiales de la UNAM, presentado el 

25 de mayo de 2016. También empezamos el estudio de las propiedades ópticas y electrónicas 

de los nanoalambres ramificados de silicio con y sin impurezas de oxígeno por medio de la 

teoría del funcional de la densidad. Los primeros resultados muestran que el ancho de la banda 

prohibida de energía (gap) depende fuertemente de la longitud de las ramas, decreciendo 

cuando la rama crece. El ancho de este gap depende también del número y la posición de las 

ramas, por lo que estamos haciendo un estudio detallado para cuantificar el número, su ancho 

y posición de las ramas con el objetivo de aumentar su adsorción y disminuir su reflectividad. 

Estos resultados fueron la base del protocolo de la alumna Adriana Patricia Gutiérrez 



Rodríguez, que se tituló de Maestría por medio del examen general de conocimientos en el 

Posgrado en Ciencias e Ingeniería de Materiales de la UNAM. 

Estudiamos la termoelectricidad en nanocintas y nanoalambres segmentados dentro del 

formalismo de Boltzmann a través del método de renormalización más convolución en espacio 

real desarrollado para la fórmula de Kubo-Greenwood, considerando los modelos de amarre 

fuerte y de Born. Para los nanoalambres periódicos, observamos un máximo de la figura de 

mérito termoeléctrica (ZT) en el espacio de temperaturas, como el que se reporta cuando varia 

la concentración de portadores. Este máximo de ZT se mejora si introducimos nanoalambres 

periódicamente segmentados y con sección transversal inhomogénea. Al considerar 

nanoalambres cuasiperiódicos el máximo de ZT es mayor que el de los sistemas periódicos. 

Se enlistan los productos resultado de la investigación: 

Artículos 

1. Fernando Sánchez, Vicenta Sánchez y Chumin Wang, 

“Renormalization approach to the electronic localization and transport in 
macroscopic generalized Fibonacci lattices”,  
Journal of Non-Crystalline Solids 450, 194 (2016). 

http://dx.doi.org/10.1016/j.jnoncrysol.2016.07.031 
 

2. J. Eduardo González, Vicenta Sánchez y Chumin Wang,  

“Improving Thermoelectric Properties of Nanowires Through Inhomogeneity“ 
Journal of Electronic Materials. (2016). doi:10.1007/s11664-016-4946-y 
 

3. J. Eduardo Gonzalez, Vicenta Sanchez y Chumin Wang, 

“Thermoelectricity in periodic and quasiperiodically segmented nanobelts and 
nanowires” 
Mater. Res. Soc Advances (2016) doi: https://doi.org/10.1557/adv.2016.291 

 

Formación de recursos humanos 

1. Adriana Patricia Gutiérrez Rodríguez. Obtuvó el grado de Maestra en Ciencia e 

Ingeniería de Materiales de la UNAM bajo mi supervisión, con el título del protocolo 

de investigación “Fenómeno de resonancias en nanoalambres ramificados”, el 26 de 

julio de 2016. 

 

2. Abraham Lima Buendía, Obtuvó el grado de Maestro en Ciencias (Física) de la 

UNAM bajo mi supervisión, con el título del protocolo de investigación “Interacción 

electrón-electrón en la localización y superconductividad en sistemas aperiódicos”, el 

día 27 de enero de 2017. 
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Congresos 

1. V. Sánchez,  

“Photonic localization and transmittance in macroscopic aperiodic multilayers” 

en The 3rd Conference on Physical Chemistry (CPC 2016), en Nanjing, China del 1 al 

3 de junio de 2016. 

2. , F. Sánchez V. Sánchez y C. Wang,  

“Electronic localization and transport in macroscopic generalized Fibonacci 

lattices: A renormalization approach” en el The Condensed Matter Division of the 

European Physical Society (CMD 26), en Groningen, Paises bajos del 4 al 9 de 

septiembre de 2016. 

3. V. Sánchez, J.G. Munguia-Fernandez y C. Wang,  

“Quasiperiodicity and mirror symmetry in photonic devices” en el Energy 

Materials Nanotechnology Meeting on Materials Chemistry (EMN 2016), en 

Budapest, Hungría del 9 al 13 de septiembre de 2016. 

4. V. Sánchez, F. Sánchez y C. Wang,  

“Resonant AC and optical absorption spectra of aperiodic branched 

nanowires” en el The 2015 Materials Research Society Fall Meeting, en Boston, USA 

del 27 de noviembre al 2 de diciembre de 2016. 

 

Dado que nuestra investigación es de índole teórico la supercomputadora es una 

herramienta esencial para llevar a cabo la modelación y simulación de las propiedades físicas 

de los sólidos no periódicos con y sin impurezas, debido a que estos no cuentan con espacio 

reciproco y los sistemas que consideramos son de aproximadamente 108 átomos, por lo que 

nuestros cálculos requieren de cuádruple precisión. Por lo anterior es de suma importancia la 

utilización de la supercomputadora. 
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Electronic transport andwavefunction localization are two closely related phenomena, but their behavior in truly
macroscopic aperiodic lattices is a non-widely addressed issue.We study in this article the electrical conductivity
of generalized Fibonacci (GF) lattices through the Kubo-Greenwood formula, while the localization of electronic
wavefunction is analyzed bymeans of the Lyapunov exponent and participation ratio (PR). For periodic chains, an
analytical expression of the Lyapunov exponent is obtained. We have also developed for the first time a real-
space renormalizationmethod to calculate the PR ofmacroscopic GF lattices described by tight-binding Hamilto-
nians. Moreover, we report a novel unified renormalizationmethod for the Kubo-Greenwood formula applied to
GF chains. For quasiperiodic lattices, the results reveal a power-law decay of the spectral averages for both PR and
DC conductivity when the system length increases. In addition, we present a systematic analysis of the AC con-
ductivity spectra observing truly large resonant peaks in comparison to the ballistic one. The electrical conduc-
tance of GF nanowires is also investigated. Finally, the results suggest that PR could not be proper for the
analysis of critically localized states.

© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

The structural disorder of a solid can profoundly modify the nature
of electronic states. It is well known that they are all extended in period-
ic lattices and exponentially localized in random-disordered systems of
one and two dimensions [1]. However, the degree of localization in
other non-periodic systems is still an unclear subject. In fact, delocalized
electronic states are found in one-dimensional systems with correlated
disorder [2,3] and some of these results have been experimentally con-
firmed [4,5].

Nowadays, the study of electronic states in artificial structures is of
great importance in condensed matter physics, because they introduce
many new physical properties essential for technological applications
of atomic-scale devices. These structures can be multilayers, quantum
wires, rings, or dots, etc. In particular, quasiperiodic and aperiodic sys-
tems become a subject of remarkable interest since the discovery of
quasicrystals [6] and the fabrication of high-quality superlattices includ-
ing quasiperiodic ones [7], whose Raman spectrum has a good agree-
ment with the theory [8]. Much attention has been devoted to the
Fibonacci lattice, because it provides a prototype structure for studying
quasiperiodic systems and possesses critically localized electronic states
[9]. The corresponding energy spectrum is neither absolutely continu-
ous nor pure point, but singular continuous [10].
There is a generalization of the Fibonacci sequence obtained by the
substitutions A→AmBn and B→A, where m and n are positive integer
numbers. The symbol Am represents a string of m A's. The original
Fibonacci sequence is recovered whenm=n=1 and generalized ones
with mN1 and n=1 are called precious means, while metallic means
stand for sequences with m=1 and nN1 [11]. Along last two decades,
the electronic, vibrational, and optical properties of generalized
Fibonacci (GF) lattices have been investigated [11–14]. In particular,
real-space renormalization-group methods based on the decimation
technique were developed for calculating the local density of states at
any given site [15] and the average Green's functions [16] of several
macroscopic GF lattices. Moreover, the total density of states and the
electrical conductivity inmixing Fibonacci chainswithm=n=1 are in-
vestigated [17], and the alternating current (AC) of transparent states is
also analyzed [18] observing a decreasing oscillatory behavior as oc-
curred in periodic lattices, in contrast to the resonant AC conduction
found at bandgap energies [19].

In this article, we report a detailed analysis of the electrical conduc-
tivity, Lyapunov coefficient, and participation ratio (PR) of GF lattices
with macroscopic length. This analysis was carried out by means of a
real-space renormalizationmethod capable to address trulymacroscop-
ic systems without introducing any additional approximations, whose
mathematical formulations are presented in Appendices A, B and C.
Wewill introduce the GF sequences in section two, and define the local-
ization and transport physical quantities in section three. The results of
both direct current (DC) conductivity and thewavefunction localization
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are presented in section four, while the AC conduction is investigated in
section five.We further discuss the electronic transport and localization
in GF nanowires with a square cross-section in section six. Finally, the
conclusions of this study are given in section seven.

2. Generalized Fibonacci sequences

The Fibonacci chains can be studied in several forms, for exam-
ple, by using two sorts of bonds (bond problem), two kinds of
atoms (site problem) or a combination of both (mixing problem)
[17]. In this paper, we analyze the bond problem, in which two
hoping integrals, tA and tB, are arranged following the GF sequences
and the nature of atoms are assumed to be the same with a null self-
energy. The GF sequences (Sl) can be built by using the following
addition scheme [13,20],

S0ðm;nÞ ¼ fBg; S1ðm;nÞ ¼ fAg;
and Slðm;nÞ ¼ Sml�1ðm;nÞ⊕ Snl�2ðm;nÞ; ð1Þ

where l is the generation index, m and n are positive integers that
define the type (m,n) of GF sequences. For example, S2(2,1)=
{AAB} and S3(2,1)={AABAABA}. These Sl(m,n) can also be obtained
by the substitution rules given by [20,21]

A→AmBn and B→A; ð2Þ

which may be rewritten by using the substitution matrix (M) as
[22]

A
B

� �
→M A

B

� �
¼ m n

1 0

� �
A
B

� �

¼
AA⋯A
⏟m

BB⋯B
⏟n
A

 !
:

ð3Þ

MatrixM has the following eigenvalues (λ±),

m−λ n
1 −λ

����
���� ¼ 0 ⇒λ2−mλ−n ¼ 0

⇒ λ� ¼ m�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 4n

p

2
:

ð4Þ

For n=1, Eq. (4) leads to λ+N1 and |λ−|b1, which fulfill the Pisot
condition [22,23].

Moreover, the determinant of M,

m n
1 0

����
���� ¼ −n; ð5Þ

is unimodular if n=1. Hence, the corresponding sequence is called qua-
siperiodic and possesses Bragg-peak diffraction spectra, because both
the Pisot eigenvalue condition and the unit-determinant requirement
of M are satisfied [24]. Conversely, the GF sequences with n≠1 do not
satisfy the Pisot condition neither the unit-determinant requirement,
thus they are not quasiperiodic. Among non-quasiperiodic structures,
the Thue-Morse sequence is anotherwidely studied one, since it accom-
plishes the Pisot condition but has a non-unimodular substitution ma-
trix; in consequence, it is not quasiperiodic neither [25].

The total number of A and B in Sl(m,n), denoted by Fl (m,n), satisfies
the relation

Flðm;nÞ ¼ mFl−1ðm;nÞ þ nFl−2ðm;nÞ ð6Þ

with F0(m,n)=F1(m,n)=1. At the limit of infinite length, the ratio of
Fl (m,n) for subsequent generations defined as

τðm;nÞ ≡ lim
l→∞

Flþ1ðm;nÞ
Flðm;nÞ ð7Þ
satisfies the quadratic equation τ2−mτ−n=0, whose positive solu-
tion is

τðm;nÞ ¼ mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 4n

p

2
: ð8Þ

In fact, the irrational number τð1;1Þ ¼ ð1þ
ffiffiffi
5

p
Þ=2 is referred as the

goldenmean,τð2;1Þ ¼ 1þ
ffiffiffi
2

p
as the silvermean,τð3;1Þ ¼ ð3þ

ffiffiffiffiffiffi
13

p
Þ=2

as the bronze mean, τ(1,2)=2 as the copper mean, and τð1;3Þ ¼ ð1þffiffiffiffiffiffi
13

p
Þ=2 as the nickel mean.
Both substitution and addition methods for the nine GF se-

quences, withm and n=1, 2 or 3, analyzed in this paper are sum-
marized in Table 1. Segments of these GF chains for the bond
problem are illustrated in Fig. 1, where the initial conditions were
S0(m,n)={B} and S1(m,n)={A}. Notice that for a given generation
l, a GF chain of type (3,3) has more atoms than a standard Fibonacci
chain with (1,1).

In the next section,we describe themodel used for the study of elec-
tronic transport and localization of wavefunctions in GF chains defined
in this section.

3. Modeling electronic transport and localization

In order to isolate the quasicrystalline effects on the physical proper-
ties of GF chains, let us consider a single-band tight-binding Hamiltoni-
an (H) given by

H ¼ ∑
bi; jN

ti; j jiN b jj þ j jN bijf g; ð9Þ

where | j〉 represents theWannier function of atom jwith null self-ener-
gy and ti ,j is the hopping integral between nearest-neighbor sites i and j,
indicated by 〈i, j〉, which may be tA or tB arranged according to the GF
sequences.

The density of states (DOS) can be calculated bymeans of the retard-
ed single-electron Green's function (G) [26],

DOS Eð Þ ¼ −
1
π

lim
η→0þ

ImTr G E þ iηð Þ½ �; ð10Þ

where η is the imaginary part of energy (E) and the Green's function is
determined by the Dyson equation given by (E−H)G=1.

The electronic wavefunction (jψN ¼ ∑
j
c jj jN) satisfies the stationary

Schrödinger's equation, which for both periodic or non-periodic chains
described by Hamiltonian (Eq. (9)) can be written as

C jþ1 ¼ T jC j; ð11Þ

where

T j ¼ E=t j; jþ1 −t j; j−1=t j; jþ1
1 0

� �

and C j ¼ c j
c j−1

� � ð12Þ

are respectively the transfer matrix and amplitude vector of the
wavefunction. The amplitude vectors of atoms at the begin and end of
the chain are related by the product of transfer matrices,

TNT lð ÞT1 ≡ TN ∏
N−1

j¼2
T j

 !
T1 ¼ τ11 τ12

τ21 τ22

� �
; ð13Þ

where N is the number of atoms in the chain of generation l,

T lð Þ ¼ ∏
N−1

j¼2
T j; ð14Þ



Table 1
Substitution and addition rules for the GF sequences of type (m, n).

n = 1 n = 2 n = 3

m = 1 A→AB & B→A A→ABB & B→A A→ABBB & B→A
Sl=Sl−1⊕Sl−2 Sl=Sl−1⊕2Sl−2 Sl=Sl−1⊕3Sl−2

m = 2 A→AAB & B→A A→AABB & B→A A→AABBB & B→A
Sl=2Sl−1⊕Sl−2 Sl=2Sl−1⊕2Sl−2 Sl=2Sl−1⊕3Sl−2

m = 3 A→AAAB & B→A A→AAABB & B→A A→AAABBB & B→A
Sl=3Sl−1⊕Sl−2 Sl=3Sl−1⊕2Sl−2 Sl=3Sl−1⊕3Sl−2
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and the transfer matrices that connect the system to the semi-infinite
periodic leads with null self-energies and hopping integrals t are

T1 ¼ E=t1;2 −t=t1;2
1 0

� �

and TN ¼ E=t −tN−1;N=t
1 0

� �
:

ð15Þ

From Eq. (13), the transmittance (T) of a linear chain is given by [27]

T Eð Þ ¼
4−

E
t

� �2

τ21−τ12 þ ðτ22−τ11ÞE
2t

� �2
þ τ22 þ τ11ð Þ2

�
1−

E2

4t2

� : ð16Þ

The electrical conductance (g) can be calculated through the
Landauer formula [28]

g Eð Þ ¼ 2e2

h
T Eð Þ ¼ g0T Eð Þ; ð17Þ

where g0≡2e2/h is the quantum of conductance.
The localization of wavefunction can be analyzed by looking at the

Lyapunov coefficient (γ) and the participation ratio (PR), which are re-
spectively defined by [27]

γ Eð Þ ¼ 1
N
ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ21;1 þ τ21;2 þ τ22;1 þ τ22;2

q

and PRðEÞ ¼ ∑
N

j¼1
cjðEÞ
�� ��4 !�1

:
ð18Þ

In general, the inverse of γ is interpreted as the localization length if
the wavefunction is exponentially localized. On the other hand, PR
counts the number of atoms that contributes to a normalized
wavefunction, e.g., PR=N for a fully extended state and PR=1 for a
wavefunction with amplitude only at a single atom.

Within the linear response theory, the electrical conductivity can be
calculated by means of the Kubo-Greenwood formula [29],

σðμ;ω; TÞ ¼ 2e2ℏ
Ωπm2 ∫

∞

−∞
dE

f Eð Þ− f E þ ℏωð Þ
ℏω

� Tr p ImGþ E þ ℏωð Þ p ImGþ Eð Þ� 	 ; ð19Þ

where Ω is the system volume,
p ¼ im

ℏ ½H; x� ¼ ∑ jft j; jþ1j jN b jþ 1j � t j; j�1j jN b j� 1jg is the projec-
tion of the momentum operator along the applied electrical field,
G+(E)=G(E+ iη) is the retarded one-particle Green's function, and
f (E)={1+ exp[(E−μ)/kBT]}−1 is the Fermi-Dirac distribution with
the chemical potential μ and temperature T.

For a periodic linear chain of N atoms with null self-energies and
hopping integral t, connected to two semi-infinite periodic leads with
the same t, the AC conductivity at zero temperature has an analytical so-
lution of [30]

σPðμ;ω;0Þ ¼ 8e2t2a
π N−1ð Þℏ3ω2

1−
μ
2t


 �2� �

� 1−cos
N−1ð Þℏω

2t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− μ=2tð Þ2

q
2
64

3
75

8><
>:

9>=
>;;

ð20Þ

when −2 |t |≤μ≤2 |t |. In particular, its DC conductivity for ω→0 is

σP ≡ σPðμ;0;0Þ ¼ e2a
πℏ

N−1ð Þ: ð21Þ

It is easy to verify that σP(μ,ω, 0)≤σP for −2 | t |≤ μ≤2 | t |.
Analytical solutions can also be found for the density of states

DOSðEÞ ¼ N ðπ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4 t2−E2

p
Þ
−1

, the participation ratio PR(E)=N and the
Lyapunov coefficient

γp Eð Þ ¼ 1
2N

ln 2þ E2

t2
f N−1ð Þ þ 2

XN−2

i¼0

f ið Þ
" #( )

ð22Þ

where

f Jð Þ ¼
XJ=2b c

l¼0

−1ð Þl J−lð Þ!
l! J−2lð Þ!

E2

t2
−2

 ! J−2l

: ð23Þ

However, there are no general analytical solutions for these physical
quantities in long GF chains and they are calculated in this article by
means of the real-space renormalization method, whose procedure
can be illustrated for the case of transfer matrix, by using the method
of addition given by Eq. (1) and by taking the advantage of the associa-
tivity of matrix products. For example, the transfer matrix of a (m,n)-
type GF chain of generation l can be calculated by

T lð Þ ¼ T l−2ð Þ½ �nTM T l−1ð Þ½ �m; ð24Þ

where the middle connecting matrix (TM) is given by

TM ¼ E=tA −tM=tA
1 0

� �
ð25Þ

being tM=tA if l is odd and tM=tB if l is even. In otherwords, the transfer
matrix of generation l can be obtained just by multiplying n times the
transfer matrix of generation l−2 and m times the transfer matrix of
generation l−1. Nevertheless, the formulation of this renormalization
procedure for the DOS and PR is considerably more complex, whose
mathematical details are respectively given in Appendices A and B. It
is worth mentioning that once these new renormalization methods
are developed, the computing time is proportional to the generation
number l, i.e., it is proportional to the logarithm of the system length.

In the next section, we present the results of DOS, DC conductivity,
Lyapunov coefficient, and participation ratio for the nine GF chains of
type (m,n) with m and n equal to 1, 2, or 3.

4. Localization and DC conductivity

In order to study macroscopic GF chains with lengths of 108 atoms,
different generation numbers (l) are chosen for each type of GF chains,
as specified in Table 2.



Fig. 1. Segments of generalized Fibonacci chains of type (m,n) defined by Eq. (2) for the bond problem with m and n equal to 1, 2, or 3. Two hopping strengths of bonds, tA and tB, are
indicated.

Table 2
Number of atoms in (m,n)-type GF chains of generation l.

N n = 1 n = 2 n = 3

m = 1 433,494,438 for l = 42 357,913,942 for l = 29 315,732,482 for l = 24
m = 2 318,281,040 for l = 23 268,377,089 for l = 20 581,130,734 for l = 19
m = 3 239,244,623 for l = 17 253,841,390 for l = 16 187,869,862 for l = 15
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For the sake of simplicity, a uniform bond length (a) is taken and
the aperiodicity is introduced through the order of hopping integrals
tA and tB. Two semi-infinite periodic leads with null self-energy and
hopping integral t are connected to the ends of all analyzed GF
chains. In these leads, a phase difference of ei θ between the
wavefunction amplitudes of nearest-neighbor sites is considered,
where θ satisfies the dispersion relation E=2tcosθ. In Fig. 2(a)–(l),
spectra of the density of states (DOS), zero-temperature DC conduc-
tivity [σ=σ(μ, 0,0)], Lyapunov coefficient (γ) and participation ratio
(PR) are plotted as functions of the chemical potential (μ) for the
three GF chains with n=1, null self-energies, hopping integrals of
tA=0.8 t and tB= t. The lengths of these chains are given in Table 2.
The used imaginary part of the energy is η=10−5 | t | for DOS in
Fig. 2(a–c), η=10−15 | t | for their magnifications in Fig. 2(a′–c′),
and η=10−13 | t | for σ in Fig. 2(d–f). Grids of 400,000 and of
1,594,324 chemical potentials are respectively used for plotting
Fig. 2(a-i) and (j-l).

Notice that all spectra of DOS , σ , γ, and PR show the same band-
gap structure for each type of GF chains. In particular, the inverse of
Lyapunov coefficient (γ−1) of Fig. 2(g–i) reveals localization lengths
very close to those of the periodic chain (γP

−1). Such behavior is
confirmed by the almost ballistic DC conductivity (σP) in each
minibands, in contrast to a general small PR values. In fact, they are
even smaller when tA diminishes, contrary to practically unchanged
σ and γ−1 values in each miniband whose bandwidth decreases
with tA. Magnifications of DOS spectra around μ=0 are further pre-
sented in Fig. 2(a′–c′) and they confirm the fractal nature of these
spectra from quasiperiodic chains [9].

It is worth mentioning that the DOS spectrum of Fig. 2(b) for the
silver mean is very close to the band structure reported in Ref. [31],
in which the total band width is slightly larger than ours since their
hopping integrals were tA= t and tB=0.8 t. In addition, the silver
mean sequence of Ref. [31] is an isomer of ours, i.e., instead of
A→AAB they used a substitution rule of A→ABA. In fact, the three iso-
mers of the silver mean have almost the same DOS spectra. However,
the localization nature of their states could be very different. For
example, there are analytical solutions for the transmittance (T) at
E=0 and they are

TðE ¼ 0; lÞ ¼
4 χp þ χ−pð Þ−2

; for isomer A→AAB

4ðχl þ χ−lÞ−2
; for isomer A→ABA

4 χp þ χ−pð Þ−2
; for isomer A→BAA

8><
>: ; ð26Þ

where χ= tA/tB, p=[1− (−1)l]/2 and l is the generation number.
Notice that for the case A→ABA and χ≠1, T(E=0, l)→0 when l→∞.
But for the isomers A→AAB and A→BAA, T(E=0, l)=1 when l is an
even number, regardless the value of χ. Hence, we have always
transparent states at E=0 in these two isomers with even genera-
tion numbers.

In Figs. 3 and 4, the density of states (DOS), zero-temperature DC
conductivity (σ), Lyapunov coefficient (γ) and participation ratio (PR)
as functions of the chemical potential (μ) are plotted for the GF chains
with n=2 and n=3, respectively. The parameters for numerical calcu-
lations are the same as in Fig. 2, except that the lengths of these chains
are given in Table 2.

Notice that in Fig. 3(d–f) the DC conductivity around μ=0 is almost
σP, despite of theminimumDOS at the same region observed in Fig. 3(a–
c). In Fig. 3(a′–c′), magnifications of DOS around μ=0 show oscillating
behaviors, in contrast to the fractal one observed in Fig. 2(a′–c′) for qua-
siperiodic chains.

Image of Fig. 1


Fig. 2. Density of states (DOS), DC conductivity (σ), Lyapunov coefficient (γ) and participation ratio (PR) as functions of the chemical potential (μ) for three generalized Fibonacci chains
with n=1, null self-energies, hopping integrals of tA=0.8t and tB=t.
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Contrast to Fig. 3, the high-conductivity zones in Fig. 4(d–f) are lo-
cated outside the central region, correspondingly again to small values
of DOS and an oscillating behavior as shown in Fig. 4(a′–c′). Note also
that in Figs. 3 and 4, the DC conductivity (d–f), Lyapunov (g–i) and PR
Fig. 3. Density of states (DOS), DC conductivity (σ), Lyapunov coefficient (γ) and participation
with n=2, null self-energies, hopping integrals of tA=0.8t and tB=t.
(j–l) spectra possess almost the same band structure with their high-
value zones located at the same energy regions. A further analysis of
PR for n=2 and n=3 reveals their practical constant values when the
hopping integral tA decreases, contrary to the decay behavior in PR
ratio (PR) as functions of the chemical potential (μ) for three generalized Fibonacci chains

Image of Fig. 2
Image of Fig. 3
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spectra of Fig. 2. This fact confirms the presence of almost extended
states around μ=0 in the (1,2) copper-mean lattice reported in refer-
ence [16].

In order to analyze the global behavior of DC conductivity (σ) and
participation ratio (PR) spectra, we introduce the spectral averages of
σ and of PR defined as

σh i ¼

Z ∞

−∞
σ μð ÞDOS μð ÞdμZ ∞

−∞
DOS μð Þdμ

and PRh i ¼

Z ∞

−∞
PR μð ÞDOS μð ÞdμZ ∞

−∞
DOS μð Þdμ

:

ð27Þ

The results of 〈σ〉 as functions of the system length (N) are shown in
Fig. 5(a–i) for the nine GF chains of Fig. 1 with hopping integrals tA=tB
(dark yellow circles), tA=0.99tB (red hexagons), tA=0.95tB (blue pen-
tagons), tA=0.9tB (orange down triangles), tA=0.85 tB (green squares)
and tA=0.8 tB (magenta up triangles). The imaginary part of the energy
was η=10−13 |t | forσ and η=10−5 |t | forDOS. Observe thatwhen the
system length grows, 〈σ〉 is a constant for the periodic case and it decays
following a power law for quasiperiodic systems with n=1 and it is
truly archived when the system size is large enough. For other six GF
systems that do not fulfill the Pisot quasiperiodic criteria, the average
conductivity decaymore slowly than the quasiperiodic systems, neither
a constant as in periodic ones.

In Fig. 6, the spectral average of participation ratio (〈PR〉) is plotted as
functions of the number of atoms (N) in the nine GF chains of Fig. 1. The
numerical calculations of 〈PR〉 were carried out by using a new
renormalization method developed for the participation ratio of GF
chains and presented in Appendix B. The parameters used in these cal-
culations are the same as in Fig. 5. Observe that the 〈PR〉 results confirm
Fig. 4. Density of states (DOS), DC conductivity (σ), Lyapunov coefficient (γ) and participation
with n=3, null self-energies, hopping integrals of tA=0.8t and tB=t.
the power-law and sub-power-law behaviors of 〈σ〉, respectively for
quasiperiodic and non-quasiperiodic systems, obtained from the
Kubo-Greenwood formula.

In order to perform an analytical and comparative study of PR at μ=
0 for (1,2)- and (2,1)-type GF chains, let us introduce the notation
PR(m,n, l) for a (m,n)-type GF chain of generation l evaluated at μ=0,
where the transfer matrices of Eq. (12) can be

0 −χ
1 0

� �
;

0 −χ−1

1 0

� �
or 0 −1

1 0

� �
; ð28Þ

with χ= tA/tB. Hence, the normalized PR for a (2,1)-type GF chain of
generation l=2k+1 with Nl atoms is given by

PRð2;1;2kþ 1Þ ¼
Xk−1

j¼−k
Λ j lð Þχ2 j

h i2
Nl

Xk−1

j¼−k
Λ j lð Þχ4 j

; ð29Þ

where Λj(2k+1)=2Λj(2k)+Λj(2k−1)−2δj ,0 andΛ−kðlÞ ¼ 1
2½3−ð−1Þl�.

At the limit of χ→0 and l→∞, we have

lim
l→∞
χ→0

PRð2;1;2kþ 1Þ ¼ lim
l→∞

Λ−k lð Þ
Nl

¼ 0: ð30Þ

In contrast, the (1,2)-type GF chain has

PRð1;2; lÞ ¼ Θ−1 lð Þχ−2 þ Θ0 lð Þ þ Θ1 lð Þχ2
� 	2
Nl Θ−1 lð Þχ−4 þ Θ0 lð Þ þ Θ1 lð Þχ4½ � ; ð31Þ

whose coefficients Θ−1,Θ0,and Θ1 are given in Table 3.
ratio (PR) as functions of the chemical potential (μ) for three generalized Fibonacci chains

Image of Fig. 4


Fig. 5. Spectral average of DC conductivity (〈σ〉) versus the number of atoms (N) for the nine generalized Fibonacci chains illustrated in Fig. 1 with hopping integrals tA=tB (dark yellow
solid circles), tA=0.99tB (red open hexagons), tA=0.95tB (blue open pentagons), tA=0.9tB (orange open down triangles), tA=0.85tB (green open squares) and tA=0.8tB (magenta open
up triangles).
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At the limit of χ→0 and l→∞, Eq. (31) leads to

lim
l→∞
χ→0

PRð1;2; lÞ ¼ lim
l→∞

Θ−1 lð Þ
Nl

¼ lim
l→∞

2Nl−2 þ Nl−3∓1
Nl

¼ 3
8
; ð32Þ

because Nl=Nl−1+2Nl−2−2 and lim
l→∞

ðNlþ1=NlÞ ¼ 2. The analytical re-

sults of Eqs. (30) and (32) confirm the numerical ones shown in Figs. 2
and 3.

5. AC conductivity

As observed in Figs. 2, 3 and 4, there are many peaks in DC con-
ductivity (σ) spectra. If we choose a chemical potential (μ) located
between two successive peaks and an external alternating electrical
field with ℏω equal to the difference between their energies, a reso-
nant AC electronic transport is registered in segmented [32] and
branched nanowires [19]. In this section, we analyze such transport
in GF chains. Fig. 7 shows AC conductivity spectra in color scale ver-
sus the chemical potential (μ) and the electrical field frequency (ω)
for GF chains with tA=0.8t, tB= t (a) m=1, n=1 and l=14; (b)
m=2, n=2 and l=7; (c) m=3, n=3 and l=5. The calculations
were performed by using an imaginary part of energy η=10−15 | t |
and these GF chains are connected to two semi-infinite periodic
leads with hopping integrals of t.

Observe in Fig. 7(a) a band structure at low frequency limit similar
to that of Fig. 2(d). For several frequencies, red zones with an AC con-
ductivity larger than the ballistic one σP(μ,ω,0) of periodic chain
given by Eq. (20) can be found. For example, in Fig. 7(a) there is a reso-
nant peak of σ (μ,ω,0)=1.755σP (red bar) at ℏω=0.06123246|t | for

Image of Fig. 5


Fig. 6. Spectral average of participation ratio (〈PR〉) versus the number of atoms (N) for the nine generalized Fibonacci chains illustrated in Fig. 1with hopping integrals tA=tB (dark yellow
solid circles), tA=0.99tB (red open hexagons), tA=0.95tB (blue open pentagons), tA=0.9tB (orange open down triangles), tA=0.85tB (green open squares) and tA=0.8tB (magenta open
up triangles).
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0.11738557|t |≤μ≤0.17861803|t |, whose conductivity quickly decays
with the diminution or the increase of frequency. Close to this red bar,
there is another resonant peak of σ (μ,ω,0)=0.384σP (green bar) at
ℏω=0.06745621| t | for 0.11400161| t |≤μ≤0.18145782| t |. The first
one is originated by an interband excitation between two high DC
Table 3
Coefficients Θi of term χ i in Eq. (31) for (1,2)-type GF chains.

m=1,n=2 l even l odd

Θ−1(l) 2Nl−2−Nl−3−1 2Nl−2−Nl−3+1
Θ0(l) Nl−1−1 Nl−1−2
Θ1(l) Nl−3 Nl−3−1
conduction states at E=0.11738557| t | and E=0.17861803| t | just
located at the borders of a bandgap, while the second one is due to
third neighbor peaks of high DC conductions located at E=
0.11400161 | t | and E=0.18145782 | t |. In fact, there are resonant
AC conductions when ℏω is equal to the energy difference corre-
sponding to DC conductivity peaks separated by an even number of
peaks in the DC conductivity spectrum, as shown in Fig. 3 of Ref.
[19]. Furthermore, notice in Fig. 7(b) and (c) the presence of color
zones with AC conductivity 0.2σP≤σ (μ,ω, 0)≤0.9σP, caused by reso-
nances between rounded peaks shown in Figs. 3(b′) and 4(c′) sepa-
rated by an energy of the order of | t |/N, in contrast to sharp peaks in
Fig. 2(a′) leading to well defined resonant frequencies in Fig. 7(a). In
general, high resonant AC conductivities have been found at the ex-
tremes of bands.

Image of Fig. 6


Fig. 8. Spectral averages of zero-temperature AC conductivity 〈σ (μ,ω,0)〉 (open circles) versu
error bars indicate the maximum and minimum AC conductivity values.

Fig. 7.AC conductivity spectra (in color scale) versus chemical potential (μ) and frequency
(ω) for generalized Fibonacci chains with (a)m=1, n=1 and l=14, (b)m=2, n=2 and
l=7, (c) m=3, n=3 and l=5.
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In order to compare the global resonant AC conduction capability in
different GF chains, we introduce a spectral average conductivity de-
fined as

bσðμ;ω;0ÞN ¼ 1
Npk−1

∑
Npk−1

j¼1
σðμ j;ω j;0Þ; ð33Þ

where Npk is the total number of peaks in the DC conductivity
spectrum, μj=(Ej+1+Ej)/2 and ωj=(Ej+1−Ej)/ℏ are respectively the
central energy and the resonant frequency of two successive DC con-
ductivity peaks with energies of Ej and Ej+1. Fig. 8 show bσ (μ,ω,0)N
(open circles) versus the number of atoms (N) in nine GF chains,
where the error bars illustrate the maximum and minimum values of
AC conductivities in each generation (l). Observe that 〈σ (μ,ω,0)〉 grows
with the number of atoms and the maximum AC conductivity can reach
to 1010 times the ballistic DC conductivity (σP) for non-quasiperiodic GF
chains of 105 atoms. In fact, the zero-temperature ballistic AC conductiv-
ity σP(μ,ω,0) of periodic chains is bounded by σP. Overall, the truly high
AC conductivities were obtained from the resonance of very sharp DC
conductivity peaks.

6. Generalized Fibonacci nanowires

The electronic transport in aperiodic nanowires with finite cross-
section can be studied by using the renormalization plus convolution
method for the Kubo-Greenwood formula and its electrical conductivity
(σ) is expressed as [30]

σðμ;ω; TÞ ¼ 1
Ω⊥

∑
β

σ jjðμ � Eβ ;ω; TÞ; ð34Þ

where σ∥ is the electrical conductivity of the parallel subsystem,Ω⊥ and
Eβ are respectively the volume and the eigenenergies of the
s the number of atoms (N) for nine generalized Fibonacci chains of type (m,n), where the
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Fig. 9. Sketch of a segment of a nanowire with a periodic cross section of 9×9 atoms, whose hopping integrals tA and tB along the longitudinal direction follow the copper-mean sequence.
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perpendicular subsystem. The electrical conductance is written as
g(μ,ω,T)≡σ (μ,ω,T)Ω⊥/Ω∥, where Ω∥ is the length of the nanowire. For
example, a nanowire with a periodic cross section of 9×9 atoms is
shown in Fig. 9, whose hopping integrals tA and tB along the longitudinal
direction of nanowire are ordered following the copper-mean sequence
with m=1 and n=2.

The zero-temperatureDC conductance (g) as a function of the chem-
ical potential (μ) is presented in Fig. 10 for nineGF nanowireswith cross
sections of 9 × 9 atoms (see Fig. 9), whose longitudinal arrangements of
hopping integrals follow the sequences shown in Fig. 1. The lengths of
these nanowires are specified in Table 2 and the Hamiltonian parame-
ters are tA=0.8 t, tB= t and null self-energies. The imaginary part of
the energy is η=10−15 | t | and Fig. 10 are plotted by using a grid of
Fig. 10. Zero-temperature electrical conductance (g) versus the chemical potential (μ) for nin
energies, whose longitudinal arrangements of hopping integrals follow the sequences of Fig. 1
(light gray lines). Insets: Corresponding conductance spectra for tA/tB=0.5, 0.6, 0.7, 0.8, 0.9
120,000 chemical potentials. The conductance g spectra, normalized
by the quantum of conductance g0≡2e2/h, of GF nanowires are com-
pared to that of a periodic nanowire with the same cross section (light
grey lines). Observe its quantized conductance, in which the step height
in unity of g0 at ±(| Eβ |+2 | t | ) is the degeneracy of Eβ. In particular,
the maximum step height is 9g0 located at μ=±2 | t |, since the cross
section is of 9 × 9 atoms. Moreover, the integral ∫∞−∞gðμ;0;0Þdμ of this
stepped spectrum is 324g0| t |, because each of the 81 ballistic
conducting channels provides a constant area of 4g0| t | wherever it is
placed.When the arrangement of hopping integrals follows a quasiperi-
odic sequence along the longitudinal direction, the conductance is sig-
nificantly smaller than the periodic case. In general, the non-
quasiperiodic nanowires with nN1 have larger electrical conductance
e GF nanowires of type (m,n) with cross sections of 9×9 atoms, tA=0.8t, tB=t, null self-
. These spectra are compared to that of a periodic nanowire with the same cross section
and 1.0.

Image of Fig. 10
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Fig. A1. Schematic representation of the two-stage renormalization procedure for generalized Fibonacci chains of type (m,n).
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than those of quasiperiodic oneswith n=1, in consistence with the sin-
gle-channel spectral-average results of Fig. 5. In fact, they have large in-
tervals of μ with g(μ,0,0)N0, in contrast to the almost zero minimum
value of g over whole spectra for quasiperiodic nanowires, which
could be related to the eigenvalue spectra supported on Cantor sets of
Lebesgue measure zero for quasiperiodic chains with site disorder
[33]. Finally, the insets of Fig. 10 show the evolution of electrical conduc-
tance spectra when the bond disorder amplitude of GF nanowires
grows. Observe the rapid vanish of conductance spectra of quasiperiodic
nanowires in comparison to the non-quasiperiodic ones.

7. Conclusions

To quantify the localization of wavefunctions in macroscopic gener-
alized Fibonacci (GF) systems, we have developed a new real-space
renormalization method for the participation ratio (PR). Also, we have
extended the renormalization method previously developed for the
Kubo-Greenwood formula in Fibonacci lattices [30] with n=m=1 to
all (m,n)-type GF ones. In general, these renormalization methods
have the advantage of being computationally efficient without intro-
ducing additional approximations and representing a useful alternative
for the study of non-periodic systems, where the reciprocal space is ab-
sent or useless.

The PR has been one of the most used quantities for the study of
wavefunction localization in disordered systems and the results of this
article reveal its deficiency in quasiperiodic lattices. In particular, we
found a transparent state at μ=0 in (2,1)-type GF chains for any even
number of generation [34] and χ=tA/tBN0. However, the correspond-
ing PR has a limiting value of zero, as demonstrated in Eq. (30). In
other words, an extremely localized electronic state with almost zero
PR could possess a ballistic transport. In general, the results confirm
the close relation, with the possible exception of critically localized
states [9], between the wavefunction localization and the electronic
transport at zero temperature. For example, the close resemblance be-
tween DC conductivity spectra and Lyapunov exponent ones. In partic-
ular, they are self-similar for the GF chains with n=1, in accordance to
Table A1
Significance of symbols in Eq. (A.2).

Stage α β ε δ λ ξ ζ

First L L F j−1 j k−1 1
R R k−2

Second F L R m 1 k n
their purely singular continuous spectra established for the site problem
[33]. This fact leads to a power-law decay of the spectral averages of
both DC conductivity and PR when the number of atoms increases. In
contrast, GF chains with n=2 and n=3 present zones with high-con-
duction oscillating behavior,which gives rise a slowdecay of these spec-
tral averages. In addition, we found an analytical expression of
Lyapunov exponent for periodic lattices.

Finally, we report the first global analysis of AC conduction over en-
tire spectra of GF chains. The results show extremely high resonant AC
conductivity peaks in comparison to the ballistic AC one, whose average
value grows faster in non-quasiperiodic systems than quasiperiodic
ones. In general, partially localized electronic states could favor the in-
teraction with external oscillating electric fields through local electric
dipoles, inducing a larger AC response than a homogeneous charge dis-
tribution in periodic systems. Hence, the spatial localization of states de-
termines their resonance intensity via the Fermi's golden rule, from
which the Kubo-Greenwood formula can be obtained [26]. This study
of the correlation between wavefunction localization and electronic
transport can be extended to multidimensional systems, as partially
done in Section VI for the DC conductivity of GF nanowires by using
the convolution theorem.
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Appendix A. Renormalization formulas for the density of states

For a generalized Fibonacci (GF) chain of type (m,n) with two kinds
of bonds, tA and tB, the density of states (DOS) of generation l evaluated
at energy E in terms of the Green's function (G) can be written as in Ref.
[30],

DOSðE; lÞ ¼ −
1
π
lim
η→0þ

Im∑N lð Þ
j¼1Gj; j zð Þ

¼ � 1
π
lim
η→0þ

Im½AFðl;1ÞGL;L zð Þ þ BFðl;1ÞGR;R zð Þ
þC Fðl;1ÞGL;R zð Þ þ DFðl;1Þ�

ðA:1Þ

where z=E+ iη, N(l) is the total number of atoms in a GF chain of gen-
eration l, and the coefficients A , B , C andD are iteratively calculated by
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means of a two-stage renormalization procedure, as schematically sum-
marized in Fig. A1, through

Aαðk;λÞ ¼ Aβðk; δÞ þ θ2αðk;λÞ½Aεðξ; ζÞ
þBβðk; δÞ−1� þ θαðk;λÞCβðk; δÞ

Bαðk;λÞ ¼ Bεðξ; ζÞ þ ϕ2
αðk;λÞ½Aεðξ; ζÞ

þBβðk; δÞ−1� þ ϕαðk;λÞCεðξ; ζÞ
Cαðk;λÞ ¼ ϕαðk;λÞCβðk; δÞ þ θαðk;λÞCεðξ; ζÞ
þ2θαðk;λÞϕαðk;λÞ Aεðξ; ζÞ þ Bβðk; δÞ−1

� 	
Dαðk;λÞ ¼ Dβðk; δÞ þ Dεðξ; ζÞ þ ½Aεðξ; ζÞ

þBβðk; δÞ−1�= z−ERðk; δÞ−ELðξ; ζÞ½ �

;

8>>>>>>>>>><
>>>>>>>>>>:

ðA:2Þ

where

θαðk;λÞ ¼ tβðk; δÞ=½z−ERðk; δÞ−ELðξ; ζÞ�
ϕαðk;λÞ ¼ tεðξ; ζÞ=½z−ERðk; δÞ−ELðξ; ζÞ�
ELðk;λÞ ¼ ELðk; δÞ þ t2βðk; δÞ=½z−ERðk; δÞ

�ELðξ; ζÞ�
ERðk;λÞ ¼ Eεðξ; ζÞ þ t2ε ðξ; ζÞ=½z−ERðk; δÞ

�ELðξ; ζÞ�
tαðk;λÞ ¼ tβðk; δÞtεðξ; ζÞ=½z−ERðk; δÞ

�ELðξ; ζÞ�

8>>>>>>>>>><
>>>>>>>>>>:

ðA:3Þ

and the significance ofα ,β ,ε ,δ ,λ ,ξ and ζ are given in Table A1,where in
each row the value of α determines the meaning of the subsequent
parameters.

For a GF chain of generation k, the renormalization procedure con-
sists of using the same Eqs. (A.2)–(A.3) and following the steps: (1) it-
eratively calculating the coefficients AL(k−1, j), BL(k−1, j), CL(k−1, j)
and DL(k−1, j) for j=2, 3 ,⋯ , m; (2) iteratively computing AR(k−
2, j), BR(k−2, j), CR(k−2, j) and DR(k−2, j) for j=2, 3 ,⋯ , n; and (3)
using the results of left- and right-segment renormalizations to calcu-
late AF(k,1), BF(k,1), CF(k,1) andDF(k,1) of generation k. This calculation
should be repeated for k=2, 3, ⋯ , l in order to finally determine the
DOS of a GF chain of type (m,n) and generation l.

The initial conditions for Eqs. (A.2)–(A.3) are tF(0,1)=tB, AF(0,1)=
BF(0,1)=1, CF(0,1)=DF(0,1)=0, EL(0,1)=ER(0,1)=0, AF(1,1)=
BF(1,1)=1, CF(1,1)=DF(1,1)=0, tF(1,1)=tA, and EL(1,1)=ER(1,1)=0.

When the system is connected to two periodic leads, the Green's
functions at its extreme atoms are given by

GL;L zð Þ ¼ z−EL l;1ð Þ−ERPðl
0 Þ− t2Pðl

0 Þ
z−ELPðl

0 Þ

(

−
t2Fðl;1Þ

z−ER l;1ð Þ−ELPðl
0 Þ−t2Pðl

0 Þ= z−ERPðl
0 Þ

h i
9=
;

�1

;

ðA:4Þ

GR;R zð Þ ¼ z−ER l;1ð Þ−ELPðl
0 Þ− t2Pðl

0 Þ
z−ERPðl

0 Þ

(

−
t2Fðl;1Þ

z−EL l;1ð Þ−ERPðl
0 Þ−t2Pðl

0 Þ= z−ELPðl
0 Þ

h i
9=
;

�1

;

ðA:5Þ

and

GL;R zð Þ ¼ t Fðl;1ÞGR;R zð Þ
z−ELðl;1Þ−ERPðl

0 Þ−t2Pðl
0 Þ= z−ELPðl

0 Þ
h i ; ðA:6Þ

where l' is the generation number of these periodic leads built following
the GF renormalization procedurewithm=n=1 and tA=tB=t, whose
effective self-energies and hopping-integrals are EP

L(l')=EP
L(l'−

1)+tP
2(l'−1)γP, EPR(l')=EP

R(l'−2)+tP
2(l'−2)γP, and tP(l')=tP(l'−1)tP(l'−

2)γP, being γP=[z−EP
R(l'−1)−EP

L(l'−2)]−1.
In order to illustrate the procedure for obtaining the renormalization

formulas, we may take the middle state of Fig. A1 as the initial system,
whose DOS can be written from Eq. (A.1) as

DOSðE; lÞ ¼ −
1
π
lim
η→0þ

Im

∑mN l−1ð Þ
j¼1 Gj; jðzÞ

þ∑N lð Þ
j¼mN l−1ð ÞGj; jðzÞ

�GC;CðzÞ

2
666664

3
777775

¼ −
1
π
lim
η→0þ

Im

ALðl;mÞGL;L zð Þ þ BLðl;mÞGC;C zð Þ
þCLðl;mÞGL;C zð Þ þ DLðl;mÞþ
ARðl;nÞGC;C zð Þ þ BRðl;nÞGR;R zð Þ

þCRðl;nÞGC;R zð Þ
þDRðl;nÞ−GC;C zð Þ

2
66664

3
77775;

ðA:7Þ

where the Green's function elements satisfy the Dyson's equation given
by

z−ELðl;mÞ −tLðl;mÞ 0
−tLðl;mÞ z−ECðl;1Þ −tRðl;nÞ

0 −tRðl;nÞ z−ERðl;nÞ

0
@

1
A�

GL;L zð Þ GL;C zð Þ GL;R zð Þ
GC;L zð Þ GC;C zð Þ GC;R zð Þ
GR;L zð Þ GR;C zð Þ GR;R zð Þ

0
@

1
A ¼

1 0 0
0 1 0
0 0 1

0
@

1
A:

ðA:8Þ

In other words,

GC;X zð Þ ¼ δC;X
z−ECðl;1Þ þ

tLðl;mÞ
z−ECðl;1ÞGL;X zð Þ þ tRðl;nÞ

z−ECðl;1ÞGR;X zð Þ; ðA:9Þ

where X=L ,C, or R, and EC(l,1)=ER(l,m)+EL(l,n). Taking the advan-
tage of being the Green's function a symmetric matrix derived from a
symmetric Hamiltonian, Eq. (A.9) for X=C can be rewritten by using
the same equation for X=L and X=R as

GC;C zð Þ ¼ z−ECðl;1Þ½ �−1 þ θ2Fðl;1ÞGL;L zð Þ þ ϕ2
Fðl;1ÞGR;R zð Þ

þ 2θ Fðl;1ÞϕFðl;1ÞGL;R zð Þ: ðA:10Þ

Substituting Eqs. (A.9)–(A.10) into Eq.(A.7), one obtains

DOSðE;lÞ ¼ −
1
π

lim
η→0þ

ImfALðl;mÞGL;L zð Þ
þDLðl;mÞ þ DRðl;nÞ þ BRðl;nÞGR;R zð Þ

þCLðl;mÞ θFðl;1ÞGL;L zð Þ þ ϕFðl;1ÞGR;L zð Þ� 	
þCRðl;nÞ θ Fðl;1ÞGL;R zð Þ þ ϕFðl;1ÞGR;R zð Þ� 	
þ½BLðl;mÞ þ ARðl;nÞ−1�½θ2Fðl;1ÞGL;L zð Þ

þϕ2
Fðl;1ÞGR;R zð Þ þ 2θ Fðl;1ÞϕFðl;1ÞGL;R zð Þ

þ z−ECðl;1Þ½ �−1�g;

ðA:11Þ

which leads to Eq. (A.2). On the other hand, substituting Eqs. (A.9) into
Eq. (A.8), it becomes to

z−ELðl;1Þ −t Fðl;1Þ
−t Fðl;1Þ z−ERðl;1Þ

� �
�

GL;L zð Þ GL;R zð Þ
GR;L zð Þ GR;R zð Þ

� �
¼ 1 0

0 1

� �
;

ðA:12Þ
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where the renormalized hopping integral tF(l,1) and self-energies,
EL(l,1) and ER(l,1), are given in Eq. (A.3).

Appendix B. Renormalization formulas for the participation ratio

Since the single-electron wavefunction (|Ψ〉) can be written as a lin-
ear combination of theWannier's function (|j〉) of atom j, jΨi ¼ ∑ jc jj ji,
the participation ratio (PR) for a non-normalized wavefunction is given
by

PR ¼
X

j
jc j j2


 �2
X

j
jc jj4

ðB:1Þ

and its denominator may be expressed in term of the wavefunction
amplitudes at extreme sites, cL and cR, as

∑ jjc jj4 ¼ I Fðl;1ÞjcLj4 þ LFðl;1Þ c2L c
�
R
2 þ c2Rc

�
L
2

h i
þ J Fðl;1ÞjcRj4 þ P Fðl;1ÞjcLj2 cLc�R þ cRc�L

� þ
K Fðl;1ÞjcLj2jcRj2 þ Q Fðl;1ÞjcRj2 cLc�R þ cRc�L

� 
;

ðB:2Þ

where IF(l, 1), JF(l,1), KF(l,1), LF(l, 1), PF(l,1) and QF(l, 1) are the
renormalization coefficients for PR. Analogously, the normalization con-
dition of wavefunction |Ψ〉 can also be expressed as

1 ¼ ∑
j
jc jj2 ¼ RFðl;1ÞjcLj2 þ SFðl;1ÞjcRj2

þ UFðl;1Þ½cLc�R þ cRc�L �:
ðB:3Þ

Following a similar renormalization procedure for theDOS explained
at the end of Appendix A, by using the Schrödinger equation instead of
the Dyson one, the renormalization coefficients for PR of a (m,n)-type
GF chain of generation l can be iteratively calculated for k=
2, 3, ⋯ , l by means of

Iαðk;λÞ ¼ θ3αðk;λÞ θαðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1
h in

þ2Qβðk; δÞ
�þ Iβðk; δÞ þ 2θαðk;λÞPβðk; δÞ

þ θ2αðk;λÞ Kβðk; δÞ þ 2Lβðk; δÞ
� 	

;

ðB:4Þ
Jαðk;λÞ ¼ ϕ3
αðk;λÞ ϕαðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1

h in
þ2Pεðξ; ζÞg þ Jεðξ; ζÞ þ 2ϕαðk;λÞQ εðξ; ζÞ

þϕ2
αðk;λÞ Kεðξ; ζÞ þ 2Lεðξ; ζÞ½ �;

ðB:5Þ

Kαðk;λÞ ¼ θ2αðk;λÞ 4ϕ2
αðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1

h in
þKεðξ; ζÞ þ 4ϕαðk;λÞPεðξ; ζÞg

þϕ2
αðk;λÞ Kβðk; δÞ þ 4θαðk;λÞQβðk; δÞ

� 	
;

ðB:6Þ

Lαðk;λÞ ¼ θ2αðk;λÞ ϕ2
αðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1

h in
þLεðξ; ζÞ þ ϕαðk;λÞPεðξ; ζÞg

þϕ2
αðk;λÞ Lβðk; δÞ þ θαðk;λÞQβðk; δÞ

� 	
;

ðB:7Þ

Pαðk;λÞ ¼ θ3αðk;λÞ 2ϕαðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1
h in

þPεðξ; ζÞg þ θαðk;λÞϕαðk;λÞ ½Kβðk; δÞþ
�

2Lβðk; δÞ�þ3θαðk;λÞQβðk; δÞ
�þ ϕαðk;λÞPβðk; δÞ;

ðB:8Þ

Qαðk;λÞ ¼ ϕ3
αðk;λÞ 2θαðk;λÞ Jβðk; δÞ þ Iεðξ; ζÞ−1

h in
þQβðk; δÞ

�þ θαðk;λÞϕαðk;λÞ ½f Kεðξ; ζÞþ
2Lεðξ; ζÞ� þ 3ϕαðk;λÞPεðξ; ζÞg þ θαðk;λÞQ εðξ; ζÞ;

ðB:9Þ

Rαðk;λÞ ¼ θ2αðk;λÞ Sβðk; δÞ þ Rεðξ; ζÞ−1
� 	

þ Rβðk; δÞ þ 2θαðk;λÞUβðk; δÞ; ðB:10Þ
Sαðk;λÞ ¼ ϕ2
αðk;λÞ Sβðk; δÞ þ Rεðξ; ζÞ−1

� 	
þ Sεðξ; ζÞ þ 2ϕαðk;λÞUεðξ; ζÞ; ðB:11Þ
Uαðk;λÞ ¼ θαðk;λÞ ϕαðk;λÞ Sβðk; δÞ þ Rεðξ; ζÞ−1
� 	�

þ Uεðξ; ζÞg þ Rβðk; δÞ þ ϕαðk;λÞUβðk; δÞ; ðB:12Þ

where θα and ϕα are given in Eq. (A.3) while the meaning of
α , β , ε , δ , λ , ξ and ζ are specified in Table A1.

The initial conditions for the renormalization of PR are IF(0,1)=
JF(0,1)=1, KF(0,1)=LF(0,1)=PF(0,1)=QF(0,1)=0, RF(0,1)=SF(0,1)=1,
UF(0,1)=0, EL(0,1)=ER(0,1)=0, tF(0,1)=tB, IF(1,1)=JF(1,1)=1,
KF(1,1)=LF(1,1)=PF(1,1)=QF(1,1)=0, RF(1,1)=SF(1,1)=1, UF(1,1)=0,
EL(1,1)=ER(1,1)=0, and tF(1,1)=tA.

Appendix C. Renormalization formulas for the Kubo-Greenwood
conductivity

In this article, the electrical conductivity (σ) is analyzed bymeans of
the Kubo-Greenwood formula given by Eq. (19), in which the trace can
be written as [30]

Tr p ImGþ E þ ℏωð Þ p ImGþ Eð Þ� �
¼ m2a2

4ℏ2 SðEþω; Eþ; lÞ þ SðE�ω; E�; lÞ−SðEþω; E�; lÞ−SðE�ω; Eþ; lÞ
� 	 ðC:1Þ

where Eω±=E+ℏω± iη, E±=E± iη, η is the imaginary part of the ener-
gy and

SðEκω; Eν ; lÞ
¼ ∑
N lð Þ−1

i; j¼1
ti;iþ1t j; jþ1 2Gκ

iþ1; j Eωð ÞGν
jþ1;i Eð Þ

n
−Gκ

iþ1; jþ1 Eωð ÞGν
j;i Eð Þ−Gκ

i; j Eωð ÞGν
jþ1;iþ1 Eð Þ

o
;

ðC:2Þ

in which κ and ν could be + or −. The partial sums S(Eωκ ,Eν, l) can be
written in terms of theGreen's function at extreme sites of the systemas

SðEκω; Eν ; lÞ ¼ Z FðEκω; Eν ; l;1Þ
þAFðEκω; Eν ; l;1ÞGL;L Eκω

� 
GL;L Eν
� 

þBFðEκω; Eν ; l;1ÞGL;R Eκω
� 

GL;R Eν
� 

þC FðEκω; Eν ; l;1ÞGR;R Eκω
� 

GR;R Eν
� 

þDFðEκω; Eν ; l;1ÞGL;L Eκω
� 

GL;R Eν
� 

þDFðEν ; Eκω; l;1ÞGL;L Eν
� 

GL;R Eκω
� 

þF FðEκω; Eν ; l;1ÞGL;L Eκω
� 

GR;R Eν
� 

þF FðEν ; Eκω; l;1ÞGL;L Eν
� 

GR;R Eκω
� 

þI FðEκω;Eν ;l;1ÞGL;R Eκω
� 

GR;R Eν
� 

þI FðEν ; Eκω; l;1ÞGL;R Eν
� 

GR;R Eκω
� 

þ J FðEκω;Eν ;l;1ÞGL;L Eκω
� 

þ J FðEν ; Eκω; l;1ÞGL;L Eν
� 

þK FðEκω;Eν ;l;1ÞGL;R Eκω
� 

þK FðEν ; Eκω; l;1ÞGL;R Eν
� 

þLFðEκω;Eν ;l;1ÞGR;R Eκω
� 

þLFðEν ; Eκω; l;1ÞGR;R Eν
� 

;

ðC:3Þ

where the subscripts L and R of the Green's function respectively denote
the left and right extreme atom. The coefficients AF(E1,E2, l, 1),
BF(E1,E2, l,1) , ⋯, ZF(E1,E2, l,1) in Eq. (C.3), being E1 and E2 either Eω

κ

or Eν, can be iteratively calculated for k=2,3,⋯ , l by means of

AαðE1; E2; k;λÞ ¼ − PαðE1; E2; k;λÞ−PαðE2; E1; k;λÞ½ �2; ðC:4Þ

BαðE1; E2; k;λÞ ¼ 2½PαðE1; E2; k;λÞ�
PαðE2; E1; k;λÞ�½QαðE2; E1; k;λÞ−QαðE1; E2; k;λÞ�

þ2½RαðE1; E2; k;λÞ−SαðE2; E1; k;λÞ��
½RαðE2; E1; k;λÞ−SαðE1; E2; k;λÞ�;

ðC:5Þ

CαðE1; E2; k;λÞ ¼ − QαðE1; E2; k;λÞ−QαðE2; E1; k;λÞ½ �2; ðC:6Þ
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DαðE1; E2; k;λÞ
¼ 2 PαðE1; E2; k;λÞ−PαðE2; E1; k;λÞ½ �
� SαðE2; E1; k;λÞ−RαðE1; E2; k;λÞ½ �;

ðC:7Þ

FαðE1; E2; k;λÞ ¼ − RαðE1; E2; k;λÞ−SαðE2; E1; k;λÞ½ �2; ðC:8Þ

IαðE1; E2; k;λÞ
¼ 2 QαðE1; E2; k;λÞ−QαðE2; E1; k;λÞ½ �
� SαðE2; E1; k;λÞ−RαðE1; E2; k;λÞ½ �;

ðC:9Þ

JαðE1; E2; k;λÞ ¼ ραðE2; k;λÞFβðE1; E2; k; δÞ
þθαðE1; k;λÞKβðE1; E2; k; δÞ þ θαðE1; k;λÞ

�ραðE2; k;λÞfIβðE1; E2; k; δÞ þ UαðE1; E2; k;λÞ
þθαðE1; k;λÞ½CβðE1; E2; k; δÞ þ AεðE1; E2; ξ; ζÞ

þTαðE1; E2; k;λÞ�g þ θ2αðE1; k;λÞ
� LβðE1; E2; k; δÞ þ JεðE1; E2; ξ; ζÞ
� 	

þ JβðE1; E2; k; δÞ;

ðC:10Þ

KαðE1; E2; k;λÞ ¼ 2ραðE2; k;λÞθαðE1; k;λÞ
�ϕαðE1; k;λÞ½CβðE1; E2; k; δÞ þ AεðE1; E2; ξ; ζÞ
þTαðE1; E2; k;λÞ� þ ραðE2; k;λÞVαðE1; E2; k;λÞ

þ2θαðE1; k;λÞϕαðE1; k;λÞ½LβðE1; E2; k; δÞ
þ JεðE1; E2; ξ; ζÞ� þ ραðE2; k;λÞfθαðE1; k;λÞ

�½DεðE2; E1; ξ; ζÞ þWαðE2; E1; k;λÞ�þ
ϕαðE1; k;λÞ IβðE1; E2; k; δÞ þ UαðE1; E2; k;λÞ

� 	g
þϕαðE1; k;λÞKβðE1; E2; k; δÞ
þθαðE1; k;λÞKεðE1; E2; ξ; ζÞ;

ðC:11Þ

LαðE1; E2; k;λÞ ¼ ραðE2; k;λÞFεðE2; E1; ξ; ζÞ
þϕαðE1; k;λÞKεðE1; E2; ξ; ζÞ þ ραðE2; k;λÞ�
ϕαðE1; k;λÞ DεðE2; E1; ξ; ζÞ þWαðE2; E1; k;λÞf
þϕαðE1; k;λÞ½CβðE1; E2; k; δÞ þ AεðE1; E2; ξ; ζÞþ
TαðE1; E2; k;λÞ�g þ ϕ2

αðE1; k;λÞ½LβðE1; E2; k; δÞ
þ JεðE1; E2; ξ; ζÞ� þ LεðE1; E2; ξ; ζÞ;

ðC:12Þ

and

ZαðE1; E2; k;λÞ ¼ ραðE1; k;λÞ½LβðE1; E2; k; δÞ
þ JεðE1; E2; ξ; ζÞ� þ ZβðE1; E2;k; δÞ þ ραðE1; k;λÞ
�ραðE2; k;λÞ½CβðE1; E2; k; δÞ þ AεðE1; E2; ξ; ζÞ

þTαðE1; E2; k;λÞ� þ ραðE2; k;λÞ
� LβðE2; E1; k; δÞ þ JεðE2; E1; ξ; ζÞ
� 	

þZεðE1; E2; ξ; ζÞ;

ðC:13Þ

where the meaning of α, β, ε, δ, λ, ξ and ζ are specified in Table A1 for
each stage of renormalization,

ραðEφ; k;λÞ ¼ z−ELðEφ; ξ; ζÞ−ERðEφ; k; δÞ
� 	−1

; ðC:14Þ

θαðEφ; k;λÞ ¼ tβðEφ; k; δÞραðEφ; k;λÞ; ðC:15Þ

ϕαðEφ; k;λÞ ¼ tεðEφ; ξ; ζÞραðEφ; k;λÞ; ðC:16Þ

ELðEφ; k;λÞ ¼ ELðEφ; k; δÞ þ t2βðEφ; k; δÞραðEφ; k;λÞ; ðC:17Þ

ERðEφ; k;λÞ ¼ EεðEφ; ξ; ζÞ þ t2ε ðEφ; ξ; ζÞραðEφ; k;λÞ; ðC:18Þ

tαðEφ; k;λÞ ¼ tβðEφ; k; δÞtεðEφ; ξ; ζÞραðEφ; k;λÞ; ðC:19Þ

PαðE1; E2; k;λÞ ¼ θαðE2; k;λÞRβðE1; E2; k; δÞ
þθαðE1; k;λÞSβðE1; E2; k; δÞ þ θαðE1; k;λÞ�
θαðE2; k;λÞ PεðE1; E2; ξ; ζÞ þ QβðE1; E2; k; δÞ

� 	
þPβðE1; E2; k; δÞ;

ðC:20Þ

QαðE1; E2; k;λÞ ¼ ϕαðE1; k;λÞRεðE1; E2; ξ; ζÞ
þQ εðE1; E2; ξ; ζÞ þ ϕαðE2; k;λÞSεðE1; E2; ξ; ζÞ

þϕαðE1; k;λÞϕαðE2; k;λÞ½PεðE1; E2; ξ; ζÞ
þQβðE1; E2; k; δÞ�;

ðC:21Þ
RαðE1; E2; k;λÞ ¼ ϕαðE2; k;λÞRβðE1; E2; k; δÞ
þθαðE1; k;λÞϕαðE2; k;λÞ½PεðE1; E2; ξ; ζÞþ

QβðE1; E2; k; δÞ� þ θαðE1; k;λÞRεðE1; E2; ξ; ζÞ;
ðC:22Þ

SαðE1; E2; k;λÞ ¼ ϕαðE1; k;λÞSβðE1; E2; k; δÞ
þθαðE2; k;λÞϕαðE1; k;λÞ½PεðE1; E2; ξ; ζÞþ

QβðE1; E2; k; δÞ� þ θαðE2; k;λÞSεðE1; E2; ξ; ζÞ;
ðC:23Þ

TαðE1; E2; k;λÞ
¼ 2 PεðE1; E2; ξ; ζÞ−PεðE2; E1; ξ; ζÞ½ �
� QβðE2; E1; k; δÞ−QβðE1; E2; k; δÞ
� 	

;
ðC:24Þ

UαðE1; E2; k;λÞ
¼ 2 PεðE1; E2; ξ; ζÞ−PεðE2; E1; ξ; ζÞ½ �
� SβðE2; E1; k; δÞ−RβðE1; E2; k; δÞ
� 	

;
ðC:25Þ

VαðE1; E2; k;λÞ
¼ 2 SεðE1; E2; ξ; ζÞ−RεðE2; E1; ξ; ζÞ½ �
� SβðE2; E1; k; δÞ−RβðE1; E2; k; δÞ
� 	

;
ðC:26Þ

and

WαðE1; E2; k;λÞ
¼ 2 QβðE1; E2; k; δÞ−QβðE2; E1; k; δÞ

� 	
� SεðE2; E1; ξ; ζÞ−RεðE1; E2; ξ; ζÞ½ �;

ðC:27Þ

being Eφ either E1 or E2.
The Green's functions at the ends of system are the same as in Ap-

pendix A, except they are evaluated at Eφ instead of z, i.e.,

GL;L Eφ
�  ¼ Eφ−ELðEφ; l;1Þ � t2Pðl

0 Þ
Eφ−ELPðl

0 Þ

(

−ERPðl
0 Þ � t2FðEφ; l;1Þ

Eφ−ERðEφ; l;1Þ−ELPðl
0 Þ− t2P l

0� 
Eφ−ERP l

0� 

9>>>=
>>>;

�1

;

ðC:28Þ

GR;R Eφ
�  ¼ Eφ−ERðEφ; l;1Þ− t2Pðl

0 Þ
Eφ−ERPðl

0 Þ

(

−ELPðl
0 Þ � t2FðEφ; l;1Þ

Eφ−ELðEφ; l;1Þ−ERPðl
0 Þ− t2Pðl

0 Þ
Eφ−ELPðl

0 Þ

9>>>>=
>>>>;

�1

;

ðC:29Þ

and

GL;R Eφ
�  ¼ t FðEφ; l;1ÞGR;R Eφ

� 
Eφ−ELðEφ; l;1Þ−ERPðl

0 Þ− t2Pðl
0 Þ

Eφ−ELPðl
0 Þ

: ðC:30Þ

Finally, the initial conditions are AF(E1,E2,0,1)=0, CF(E1,E2,0,1)=0,
DF(E1,E2,0,1)=0, IF(E1,E2,0,1)=0, JF(E1,E2,0,1)=0, KF(E1,E2,0,1)=0,
LF(E1,E2,0,1)=0, ZF(E1,E2,0,1)=0, PF(E1,E2,0,1)=0, QF(E1,E2,0,1)=0,
RF(E1,E2,0,1)=0, EL(Eφ,0,1)=0, ER(Eφ,0,1)=0, BF(E1,E2,0,1)=2tB2,
FF(E1,E2,0,1)=−tB

2, tF(Eφ,0,1)=tB, AF(E1,E2,1,1)=0, SF(E1,E2,0,1)=tB,
CF(E1,E2,1,1)=0, DF(E1,E2,1,1)=0, IF(E1,E2,1,1)=0, JF(E1,E2,1,1)=0,
KF(E1,E2,1,1)=0, LF(E1,E2,1,1)=0, ZF(E1,E2,1,1)=0, PF(E1,E2,1,1)=0,
QF(E1,E2,1,1)=0, RF(E1,E2,1,1)=0, EL(Eφ,1,1)=0,ER(Eφ,1,1)=0,
BF(E1,E2,1,1)=2tA2, FF(E1,E2,1,1)=−tA

2, SF(E1,E2,1,1)=tA, and tF(Eφ,1,1)=tA.
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Improving Thermoelectric Properties of Nanowires Through
Inhomogeneity
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Inhomogeneity in nanowires can be present in the cross-section and/or by
breaking the translational symmetry along the nanowire. In particular, the
quasiperiodicity introduces an unusual class of electronic and phononic
transport with a singular continuous eigenvalue spectrum and critically
localized wave functions. In this work, the thermoelectricity in periodic and
quasiperiodically segmented nanobelts and nanowires is addressed within the
Boltzmann formalism by using a real-space renormalization plus convolution
method developed for the Kubo–Greenwood formula, in which tight-binding
and Born models are, respectively, used for the calculation of electric and
lattice thermal conductivities. For periodic nanowires, we observe a maximum
of the thermoelectric figure-of-merit (ZT) in the temperature space, as oc-
curred in the carrier concentration space. This maximum ZT can be improved
by introducing into nanowires periodically arranged segments and an inho-
mogeneous cross-section. Finally, the quasiperiodically segmented nanowires
reveal an even larger ZT in comparison with the periodic ones.

Key words: Thermoelectricity, Kubo–Greenwood formula, real-space
renormalization method, nanowire heterostructures

INTRODUCTION

The direct conversion between thermal and elec-
trical energies by thermoelectric devices has
attracted great attention in recent years. Low-
dimensional materials seem to be promising candi-
dates for high-performance thermoelectric devices,
whose efficiency is determined by the dimensionless
figure-of-merit defined as ZT � rS2T

� ��
jel þ jph

� �
,

where the Seebeck coefficient (S), electrical conduc-
tivity (r), electronic (jel) and phononic (jph) thermal
conductivities can be calculated by using the Boltz-
mann formalism.1 The inherent correlation between
these thermoelectric quantities makes difficult to
improve the value of ZT.

In general, the Seebeck coefficient (S) is propor-
tional to the average transported electron energy
relative to the chemical potential (l), i.e.,
S � hE � li.2 Thus, S is null for l located at the

center of a symmetric electronic band. When l
moves towards the band edges in a three-dimen-
sional system, the magnitude of S grows and r
diminishes. The combination of these two trends
leads to the existence of a maximum ZT in the
carrier concentration space.3

In the temperature space, the power factor (rS2)
is null at zero temperature, since r or S is,
respectively, nil for l located outside or inside the
electronic band. Hence, the power factor increases
with T in the low-temperature regime, because it is
a positively defined quantity. This trend has been
observed in single nanowires.4,5 For the extreme
high-temperature limit, both electrons and holes of
a semiconductor have contributions to S with
different sign and almost the same magnitude,
leading to a significant reduction of the Seebeck
coefficient. Consequently, a maximum ZT is often
observed in the temperature space.6

This maximum ZT can be improved by reducing
the cross-section of a nanowire, as reported by many
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theoretical7 and experimental8 studies, where a
rapid growth of the power factor with the reduction
of cross-section area is observed. On the other hand,
nanowire (NW) heterostructures constitute another
important alternative to improve thermoelectric
properties, because the phonon scattering at the
compositional interfaces leads to a lower lattice
thermal conductivity.9 For example, M2O3(ZnO)n
(M = In, Ga, Fe) segmented nanowires reveal the
importance of segmentation in nanowires.10 In fact,
a quasiperiodic arrangement of these segments
following the Fibonacci sequence could induce
interesting changes in the thermoelectric properties
of a nanowire, since its energy spectrum is singular
continuous on a Cantor set of zero Lebesgue mea-
sure11 whose wavefuctions are critical and self-
similarly localized in the real space.12 In this article,
we analyze the dependence of ZT on the tempera-
ture, carrier concentration, cross-section area and
longitudinal inhomogeneity of a nanowire, by using
the Boltzmann and Kubo–Greenwood formalisms
and a previously developed renormalization plus
convolution method.

In order to isolate the effects of long-range
quasiperiodic order on thermoelectric properties,
we will carry out this analysis by means of a simple
single-electron tight-binding Hamiltonian and a
first-neighbor Born model on cubically structured
nanowires, without considering the electron–elec-
tron and electron–phonon interactions nor the
anharmonicity. This kind of electronic Hamiltoni-
ans has been successfully used in the description of
electronic properties of semiconductors,13 while its
vibrational behavior derived from covalent bonds
can be properly reproduced by the nearest-neighbor
Born model including central and non-central
forces.14,15 Despite the simplicity of this semi-em-
pirical model, its results can be extended beyond the
analyzed parameters, as discussed in ‘‘Analysis of
Parameter Dependence’’.

THE MODEL

Based on the Boltzmann formalism and the
Kubo–Greenwood formula, thermoelectric quanti-
ties can be calculated through16,17

ZT ¼ rS2T

jel þ jph
; ð1Þ

r l;Tð Þ ¼ e2L0 l;Tð Þ; ð2Þ

S l;Tð Þ ¼ � L1 l;Tð Þ
ej jTL0 l;Tð Þ ; ð3Þ

and

jel l;Tð Þ ¼ L2 l;Tð ÞL0 l;Tð Þ � L2
1 l;Tð Þ

TL0 l;Tð Þ ; ð4Þ

where

Ln l;Tð Þ ¼ �2�h

pm2X

Z1

�1

dE E� lð Þn @f
@E

Tr p̂x
~G Eð Þp̂x

~G Eð Þ
n o

;

ð5Þ

being X the system volume, p̂x the projection of
momentum operator along the nanowire,

f Eð Þ ¼ 1 þ exp E� lð Þ= kBTð Þ½ �f g�1 the Fermi-Dirac
distribution with chemical potential l and temper-

ature T, ~G Eð Þ ¼ Gþ Eð Þ �G� Eð Þ the discontinuity of
Green’s functions with G+(E) and G�(E) being the
retarded and advanced single-electron Green’s func-
tions, respectively.18

On the other hand, the lattice thermal conductiv-
ity (jph) can be calculated by using the Kubo–
Greenwood formula for phonons given by19,20

jph Tð Þ ¼ �2�h2

pXkB

X

l

Z1

0

dx
x2e�hx=kBT

T2 e�hx=kBT � 1ð Þ2

Tr Ax
~Gph xð ÞAx

~Gph xð Þ
n o

l
;

ð6Þ

where the summation of l is over the longitudinal (L)

and transversal (T) modes, ~Gph xð Þ is the discontinu-
ity of phononic Green’s functions determined by
Mx2I � U
� �

Gph xð Þ ¼ I and the elements of matrix

Ax are Ax½ �mm0 l; jð Þ � 1
2 Rl �Rj

� �
x
Umm0 l; jð Þ, being M the

atomic mass, I the matrix identity and Umm0 l; jð Þ ¼
@2Vlj

�
@um lð Þ@um0 jð Þ the dynamic matrix. The interac-

tion potential (Vlj) between nearest-neighbor atoms l
and j in the Born model is given by15 Vlj ¼
1
2 a� bð Þ u lð Þ � u jð Þ½ � � n̂lj

�� ��2þ 1
2 b u lð Þ � u jð Þ½ �j j2, where

u jð Þ is the displacement of atom j with respect to its
equilibrium position, a and b are the central and non-
central restoring force constants, respectively. The
unitary vector n̂lj indicates the bond direction
between atoms l and j. Notice that in this article the
temperature dependence of thermoelectric proper-
ties arises from the statistical factors in Eqs. 5 and 6,
while the electronic band structure is independent on
the carrier concentration determined by the position
of chemical potential.

Let us consider a single-band tight-binding

Hamiltonian (Ĥ) with null on-site self-energies

given by Ĥ ¼
P

l;jh i tl;j lj i jh j þ tj;l jj i lh j
� �

, where

tl;j ¼ tj;l is the nearest-neighbor hopping integral.
For the sake of simplicity, a uniform bond length (a)

is taken and p̂x ¼ im
�h Ĥ; x
h i

¼ ima
�h

P
l tl;lþ1 lj i
�

lþ 1h j � tl�1;l lj i l � 1h jg. For a cubically structured

nanowire with planar defects, the Hamiltonian Ĥ
and the dynamic matrix U are separable, i.e.,

Ĥ ¼ Ĥk � Î? þ Îk � Ĥ?, where Ĥk (Îk) and Ĥ? (Î?)
are Hamiltonians (identity matrices) of the parallel
and perpendicular subsystems, respectively. The
convolution theorem can be expressed as21
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Tr p̂x
~G Eð Þp̂x

~G Eð Þ
� 	

¼
X

k

Tr p̂x
~Gk E� Ekð Þp̂x

~Gk E� Ekð Þ
� 	 ð7Þ

for electrons and

Tr Ax
~Gph x2

� �
Ax

~Gph x2
� �n o

l

¼
X

k

Tr Ax
~G
k
ph x2 � x2

k

� �
Ax

~G
k
ph x2 � x2

k

� �n o

l

ð8Þ

for phonons, where Ek and Mx2
k are eigenvalues of

Ĥ? and U?, respectively. In this article, we only
analyze the bond problem, i.e., nanowires with null
self-energies and a constant atomic mass (M).

PERIODIC NANOWIRES

For cubically structured periodic NW of NiN^
atoms connected to two semi-infinite periodic NW
leads with hopping integrals t and Born central (a)
and non-central (b) interactions, analytical solu-
tions of thermoelectric quantities can be found,
since the traces of Eqs. 7 and 8 for a periodic NW
with square cross-section of N^ atoms are, respec-
tively, given by,22

Tr p̂x
~G Eð Þp̂x

~G Eð Þ
n o

¼
X

k

H E� Ek þ 2 tj jð Þ �H E� Ek � 2 tj jð Þ½ �

Nk � 1
� �2

a2m2
.

2�h2
� 	

ð9Þ

and

Tr Ax
~Gph x2

� �
Ax

~Gph x2
� �n o

l

¼�
X

k

1�H x2 �x2
kl
�4x2

l

� 	h i
Nk �1
� �2

a2
.

8
h i

;

ð10Þ
where H(x) is the Heaviside step function, x2

l could
be x2

a ¼ a=M for longitudinal or x2
b ¼ b=M for

transversal vibrational modes,

Ek ¼ �2 tj j cos mp
.

N
1=2
? þ 1

� 	h in

þ cos np
.

N
1=2
? þ 1

� 	h io
;

ð11Þ

x2
kL

¼ 2x2
b 2 � cos m� 1ð Þp

.
N

1=2
?

h in

� cos n� 1ð Þp
.
N

1=2
?

h io
;

ð12Þ

and

x2
kT

¼ 2x2
a 1 � cos m� 1ð Þp

.
N

1=2
?

h in o

þ 2x2
b 1 � cos n� 1ð Þp

.
N

1=2
?

h in o
;

ð13Þ

being m ¼ 1; 2; . . . ;N
1=2
? and n ¼ 1; 2; . . . ;N

1=2
? .

In Fig. 1, we show (a–d) the electronic density of

states DOS lð Þ ¼ � 1
p

P
j Im Gþ

j lð Þ
h i

(blue lines) and

(a¢–d¢) the zero-temperature electrical conductance
g(l) = r(l)X^/Xi (red lines) normalized by the quan-
tum conductance g0 ¼ 2e2

�
h as functions of the

chemical potential (l) for (a,a¢) a periodic chain,
(b,b¢) a periodic nanobelt with cross-section of 7 9 1
atoms, and periodic nanowires with cross-sections of
(c,c¢) 7 9 3 and (d,d¢) 7 9 5 atoms, whose structures
are schematically presented in the respective fig-
ures (a¢¢–d¢¢). All these nanostructures have a length
of Nk ¼ 100663297 atoms connected to two semi-
infinite periodic leads with the same cross-section
and Hamiltonian parameters of the system. The
figures of this section correspond to periodic nanos-
tructures with null self-energies, hopping integral
t = �1 eV, atomic mass M = 4.81381 9 10�26 kg,
central and non-central restoring force constants
a = 100 N/m and b = 20 N/m, respectively. These
vibrational parameters are close to those of crys-
talline silicon15 and lead to �hxa ¼ 30 meV. The
imaginary part of energy used in this article has
been g ¼ 10�3 j t j for DOS and g ¼ 10�3 j t j

�
Nk for

conductance. Observe the quantized conductance
steps present in these periodic nanostructures and
its number grows with the cross-section area.
Furthermore, in DOS spectra, the van Hove singu-
larity is found at the edge of each step.

In Fig. 2, we show (a, a¢, a¢¢) the density of states
(DOS) (gray lines) and electrical conductivity (r)
normalized by r0 = e2Xi/(ap�h) of a periodic chain, (b,
b¢, b¢¢) Seebeck coefficient (S) normalized by
S0 ¼ �kB=je j, (c, c¢, c¢¢) thermal conductivity by
electrons (jel), (d, d¢, d¢¢) lattice thermal conductivity
(jph) normalized by j0 ¼ kBxaXk

�
ð2apÞ of a periodic

chain, and (e, e¢, e¢¢) ZT as functions of chemical
potential (l) for the same periodic (a–e) nanobelt,
(a¢–e¢) nanowire with cross-section of 7 9 3 atoms
and (a¢¢–e¢¢) nanowire with cross-section of 7 9 5
atoms as in Fig. 1. The temperature (T) dependence
of these thermoelectric properties is exhibited in
Fig. 3 for the same nanostructures analyzed in
Fig. 2, where the chemical potentials are chosen at
lout = Ec –0.01 eV and lin = Ec –0.01 eV, being
band edges at Ec = �3.84776 eV, Ec = �5.26197 eV
and Ec = �5.57981 eV, respectively, for the periodic
nanobelt with cross-section of 7 9 1, and nanowires
with cross-sections of 7 9 3 and 7 9 5 atoms.

Observe that the electrical (r) and thermal con-
ductivities (jel and jph) in Fig. 2 diminish with the
growth of cross-section area, due to the quantum
interference between conduction channels. For a
given temperature, the Seebeck coefficient (S) lin-
early increases when l moves away from the band
edge and this linear dependence has a weak influ-
ence of the cross-section area. Furthermore, maxi-
mum values of ZT are found, as a consequence of the
growth of r and the decay of S when l increases, and
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their locations go away from the band edge when
the temperature increases.

Figure 3 exhibit thermoelectric properties
obtained from the same nanobelt and nanowires of
Fig. 2, now versus the temperature (T). Observe the
metallic (blue triangles) and semiconducting (ma-
genta circles) behaviors of the electrical

conductivity (r), when the chemical potential (l)
is, respectively, placed inside (lin ¼ Ec þ 0:01 tj j) and
outside (lout ¼ Ec � 0:01 tj j) the electronic band. In
fact, the thermal conductivity by electrons (jel) is
related to r through the Wiedemann-Franz law
given by jel ¼ p2k2

BrT
�

3e2
� �

when l = lin. Further-
more, the thermal conductivity by phonons (jph)

Fig. 1. (a–d) Density of states (DOS) (blue lines) and (a¢–d¢) zero-temperature electrical conductance (g) (red lines) as functions of chemical
potential (l) for (a, a¢) a periodic chain, (b, b¢) a periodic nanobelt, and periodic nanowires with cross-sections of (c, c¢) 7 9 3 and (d, d¢) 7 9 5
atoms, whose structure sketches are, respectively, shown in (a¢¢–d¢¢) (Color figure online).
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grows with T, the Seebeck coefficient (S) decreases
with T, and the maxima of ZT in the temperature
space diminish with the growth of cross-section
area, when l = lout.

SEGMENTED NANOWIRES

In this section, we study segmented nanobelts
and nanowires with two types of blocks, A and B,
which can be periodic or quasiperiodically arranged,
as respectively shown in Fig. 4a–d and a¢–d¢. For
the quasiperiodic case, these blocks are ordered
following the Fibonacci sequence (F) defined by the

addition rule given by F(n) = F(n � 1) � F(n � 2),
where n is the generation number and � indicates
the catenation process. If F(1) = A and F(2) = AB,
the Fibonacci chain of generation four is
F(4) = ABAAB.

For this study, we chose blocks of three bonds,
which can be characterized by hopping integrals (tA,
tB) or by central (aA, aB) and non-central (bA, bB)
restoring force constants, when the electronic or
phononic transport is addressed. The studied nano-
belts and nanowires have inhomogeneous cross-
sections with non-constant hopping integrals (txn and
tyn) placed in such a way that maintains the mirror

Fig. 2. (a, a¢, a¢¢) Density of states (DOS) and electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), (c, c¢, c¢¢) thermal conductivity by
electrons (jel), (d, d¢, d¢¢) thermal conductivity by phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) as functions of chemical potential (l) for
periodic nanobelt and nanowires with cross-sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5 atoms.
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symmetry along both x and y directions, as illus-
trated in Fig. 4.

Figure 5 shows the electronic density of states
(DOS) (blue lines) and the zero-temperature elec-
trical conductance (g) (red lines) versus the chem-
ical potential (l) for (a–d) periodically and (a¢–d¢)
quasiperiodically segmented (a, a¢) single chains, (b,
b¢) nanobelts with cross-section of 7 9 1 atoms, and
nanowires with cross-sections of (c, c¢) 7 9 3 and (d,
d¢) 7 9 5 atoms, whose atomic ordering is sketched
in Fig. 4. The numerical calculations were per-
formed by taking tA = 0.3t, tB = t, aA = 0.3a, aB = a,
bA = 0.3b, bB = b and a uniform atomic mass
M = 4.81381 910�26 kg, where t = �1 eV is the
hopping integral, a = 100 N/m and b = 20 N/m are,

respectively, central and non-central restoring force
constants of the periodic leads.

The analyzed nanobelts and nanowires in Fig. 5
have a inhomogeneous cross-section, whose atoms
are connected by hopping integrals tmj ¼ cmj t, central

amj ¼ cmj a and non-central bmj ¼ cmjb restoring force

constants, where j = 1, 2, or 3 and m ¼ x or y with
cx1 ¼ 1:249, cx2 ¼ 0:855, cx3 ¼ 0:579, cy1 ¼ 0:365,
cy2 ¼ 0:517, and cy3 ¼ 0:632. The periodically seg-
mented nanostructures have a length of
Nk ¼ 100663297 atoms and quasiperiodic ones have
a length of Nk ¼ 117264509 atoms corresponding to
generation n = 36. Notice the multiband structure
in Fig. 5a–d, which are related to the periodic

Fig. 3. Temperature (T) dependence of (a, a¢, a¢¢) electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), (c, c¢, c¢¢) thermal conductivity by
electrons (jel), (d, d¢, d¢¢) thermal conductivity by phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) for periodic nanobelt and nanowires with cross-
sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5 atoms.
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segmentation. For example, there are six electronic
bands in Fig. 5a, which is originated by folding the
first Brillouin zone of a non-segmented linear chain
with a new lattice constant ~a ¼ 6a.23 Moreover, the
values of hopping integral in the cross-section were
chosen in order to preserve true band gaps around
the spectrum center (l = 0) in Fig. 5b–d. For the
quasiperiodic case, at the spectrum center of Fig. 5a¢
there is a narrow band containing a transparent
state24 surrounded by two band gaps, and such
feature is almost preserved in Fig. 5b¢–d¢. In general,
the conductance peaks of quasiperiodic systems are
smaller than those of periodic ones, due to the
absence of translational symmetry. However, this
reduction of electrical conductance does not neces-
sarily imply a worse thermoelectric efficiency.

In Fig. 6, we show (a, a¢, a¢¢) the density of states
(DOS) (gray lines) and electrical conductivity (r), (b,
b¢, b¢¢) Seebeck coefficient (S), (c, c¢, c¢¢) thermal
conductivity by electrons (jel), (d, d¢, d¢¢) lattice
thermal conductivity (jph), and (e, e¢, e¢¢) ZT as

functions of chemical potential (l) for the same
periodically segmented (a–e) nanobelts and nano-
wires with cross-sections of (a¢–e¢) 7 9 3 and (a¢¢–e¢¢)
7 9 5 atoms as in Fig. 5, at temperatures of 5 K
(green triangles), 50 K (blue squares) and 100 K
(red circles). The dashed lines in these figures indi-
cate the electronic band edges.

Notice that in Fig. 6 the values of r, S and jel are
unchanged when the cross-section area grows, in
contrast to the clear reduction of jph, as occurred in
Fig. 2a–a¢¢, c–c¢¢ and d–d¢¢ for periodic nanobelts and
nanowires without segmentation. These collective
behavior leads to an increase of the maximum
values of ZT when the cross-section area goes up.
These maxima are located out of the electronic band
and approach to the band edge located at
Ec = �0.348652 eV when the temperature
diminishes.

Figure 7 exhibit the thermoelectric properties
versus temperature (T) for the same nanobelts and
nanowires analyzed in Fig. 6. The chemical

Fig. 4. Schematic representation of (a–d) periodic and (a¢–d¢) quasiperiodically segmented nanostructures, being (a, a¢) single chains, (b, b¢)
nanobelts with cross-section of 791 atoms, (c, c¢) and (d, d¢) nanowires with cross-sections of 793 and 795 atoms, respectively. Both segments,
A and B, contain three bonds characterized by hopping integrals tA or tB. The cross-sections have non-constant hopping integrals distributed by
keeping the mirror symmetry.
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potentials (l) were chosen for lin = Ec + 0.01 eV
(blue triangles) and lout = Ec + 0.01 eV (magenta
circles) for the same band edge of Fig. 6. Notice the
growth of ZT from 0.2 of Fig. 3 to almost unity and
its enhancement with the cross-section area, when
the segmentation and inhomogeneous cross-section
are introduced, in spite of the qualitative likeness
between Figs. 3 and 7.

In Fig. 8, the same thermoelectric properties of
Fig. 6 are exhibited as functions of the chemical
potential (l) for quasiperiodically segmented (a–e)
nanobelts and nanowires with cross-sections of (a¢–
e¢) 7 9 3 and (a¢¢–e¢¢) 7 9 5 atoms sketched in
Fig. 4b¢–d¢. The analyzed band edge is located at
Ec = �0.33234 eV. Observe the fluctuation of the
electrical conductivity (r) at 5 K around

Fig. 5. Density of states (DOS) (blue lines) and zero-temperature electrical conductance (g) (red lines) versus chemical potential (l) for (a–d)
periodic and (a¢–d¢) quasiperiodically segmented (a, a¢) single chains, (b, b¢) nanobelts with a cross-section of 7 9 1 atoms, and nanowires with
cross-sections of (c, c¢) 7 9 3 and (d, d¢) 7 9 5 atoms (Color figure online).
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l = �0.32 eV, consistent with the density of states
spectra (solid gray lines). These fluctuations caused
by a dense distribution of bands and gaps smooth
out as the temperature grows. Moreover, we note an
additional increase of 20% in the maximum ZT at
100 K, mainly due to the reduction of thermal
conductivities.

Figure 9 show the temperature dependence of
thermoelectric properties corresponding to
quasiperiodically segmented nanostructures of
Fig. 8. The analyzed chemical potentials (l) were
lin = Ec + 0.01 eV (blue triangles) and lout = Ec �

0.01 eV (magenta circles) with Ec = �0.33234 eV. In
contrast to Fig. 7, ZT for lin is close to that for lout,
raised from a neither metallic nor semiconductor
temperature dependence of r. Also, we observe an
almost linear growth of ZT with temperature
around 100 K, which suggests a possible larger ZT
close to the room temperature.

ANALYSIS OF PARAMETER DEPENDENCE

There are essentially four parameters in the
electronic and vibrational Hamiltonians of periodic

Fig. 6. (a, a¢, a¢¢) Density of states (DOS) and electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), thermal conductivities by (c, c¢, c¢¢)
electrons (jel) and (d, d¢, d¢¢) phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) as functions of chemical potential (l) for periodically segmented
nanobelts and nanowires with inhomogeneous cross-sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5 atoms.
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systems and they are the hopping integral (t),
atomic mass (M), central (a) and non-central (b)
restoring force constants. Actually, the results only
depend on two normalized ones �hxa= tj j and �hxb

�
tj j,

where xa ¼
ffiffiffiffiffiffiffiffiffiffi
a=M

p
and xb ¼

ffiffiffiffiffiffiffiffiffiffi
b=M

p
. In Fig. 10, the

room-temperature (T = 300 K) thermoelectric ZT is
plotted as a function of these normalized parame-
ters for tA/tB = 1, 0.5, and 0.3. In the last two cases,
quasiperiodically segmented nanowires with cross-
section of 7 9 5 atoms are considered, as in Fig. 8.
Notice a general enhancement of ZT in Fig. 10 with
the quasiperiodicity strength, i.e., ZT grows when
the ratio tA/tB moves away from the periodic case

with tA/tB = 1, and a similar dependence of ZT on
�hxa= tj j and �hxb

�
tj j for the three analyzed cases.

Observe also the existence of two maximums of ZT
located at �hxa � �hxb ! 0 and at �hxa � �hxb � 0:1 tj j
for each value of tA/tB, where the first one is due to
the vanish of lattice thermal conductivity. The
second maximum of ZT at �hxa � �hxb � 0:1 tj j is
originated from the increase of the vibrational band
width when �hxa and �hxb grow, whose phononic

DOS x2
� �

and Tr Ax
~Gph x2

� �
Ax

~Gph x2
� �n o

l
for the

periodic case are similar to those shown in Fig. 1d.22

In other words, the growth of �hxa and �hxb leads to a

Fig. 7. Temperature (T) dependence of (a, a¢, a¢¢) electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), thermal conductivities by (c, c¢,
c¢¢) electrons (jel) and (d, d¢, d¢¢) phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) for periodically segmented nanobelt and nanowires with cross-
sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5 atoms.
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shift of the maximum of both phononic DOS and

Tr Ax
~Gph x2

� �
Ax

~Gph x2
� �n o

l
toward high frequency

and then, for a fixed temperature the Bose–Einstein
distribution in Eq. 6 will cover a smaller portion of
three-dimensional phonon band. In consequence, a
minor lattice thermal conductivity and a larger ZT.

Moreover, Fig. 10 shows an asymmetrical depen-
dence of ZT on �hxa and on �hxb, since for both
longitudinal and transversal vibration modes the

non-central first-neighbor interactions (b) has a
double contribution to the lattice thermal conductiv-
ity than the central one (a) within the Born model. It
would be worth stressing that the results of ZT
presented in the previous sections correspond to two
specific points of �hxa ¼ 0:03 tj j and �hxb ¼ 0:0134 tj j on
the surfaces of tA/tB = 1 and tA/tB = 0.3 in Fig. 10.
Hence, the enhancement of ZT through the
quasiperiodicity seems to be general and indepen-
dent of the Hamiltonian parameters chosen.

Fig. 8. (a, a¢, a¢¢). Density of states (DOS) and electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), (c, c¢, c¢¢) thermal conductivity by
electrons (jel), (d, d¢, d¢¢) thermal conductivity by phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) as functions of chemical potential (l) for
quasiperiodically segmented nanobelts and nanowires with inhomogeneous cross-sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5
atoms.
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CONCLUSIONS

The effects of structural inhomogeneity on the
thermoelectric properties of nanobelt and nanowires
with macroscopic length are analyzed by means of a
real-space renormalization plus convolution
method. The results reveal a clear increase of the
thermoelectric figure-of-merit (ZT) when the seg-
mentation is introduced, in accordance with exper-
imental data.10 In fact, the quasiperiodicity
significantly diminishes the thermal conduction of
long wavelength acoustic phonons, which are
responsible of the phononic conductivity at low
temperature, and it is not easy to block their
transmission since they do not feel local defects
nor impurities. Contrary to periodic nanowires,
there is no reduction of ZT when the cross-section
area grows. In summary, the results of this work

Fig. 9. Temperature (T) dependence of (a, a¢, a¢¢) electrical conductivity (r), (b, b¢, b¢¢) Seebeck coefficient (S), (c, c¢, c¢¢) thermal conductivity by
electrons (jel), (d, d¢, d¢¢) thermal conductivity by phonons (jph), and (e, e¢, e¢¢) figure-of-merit (ZT) for quasiperiodically segmented nanobelts and
nanowires with inhomogeneous cross-sections of (a–e) 7 9 1, (a¢–e¢) 7 9 3, and (a¢¢–e¢¢) 7 9 5 atoms.

Fig. 10. Thermoelectric figure-of-merit (ZT) at 300 K as a function of
normalized Hamiltonian parameters �hxa= tj j and �hxb

�
tj j, for a peri-

odic nanowire with tA/tB = 1 and quasiperiodically segmented nano-
wires with tA/tB = 0.5 and 0.3. All these nanowires have a cross-
section of 7 9 5 atoms, as in Fig. 8.
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suggest the possibility of optimizing the thermo-
electricity through the inhomogeneity under design.

This analysis was carried out by means of semi-
empirical models applied to cubically structured
nanowires with a specific set of parameters. However,
its main result of the possibility to improve ZT by
introducing long-range inhomogeneity into nanowires
could not depend on the parameters chosen as shown
in ‘‘Analysis of Parameter Dependence’’, and it would
be useful in the design and fabrication of efficient
thermoelectric devices, as suggested by the results of
M2O3(ZnO)n (M = In, Ga, Fe) segmented nanowires.10
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5. S. Bäßler, T. Böhnert, J. Gooth, C. Schumacher, E. Pippel,

and K. Nielsch, Nanotechnology 24, 495402 (2013).
6. Z.M. Gibbs, H.-S. Kim, H. Wang, and J. Snyder, Appl. Phys.

Lett. 106, 022112 (2015).
7. J.E. Cornett and O. Rabin, Phys. Rev. B 84, 205410 (2011).
8. J. Kim, S. Lee, Y. Brovman, P. Kim, and W. Lee, Nanoscale

7, 5053 (2015).
9. J. Kang, W. Shim, S. Lee, J.W. Roh, J.S. Noh, P.W. Voor-

hees, and W. Lee, J. Mater. Chem. A 1, 2395 (2013).
10. S.C. Andrews, M.A. Fardy, M.C. Moore, S. Aloni, M. Zhang,

V. Radmilovic, and P. Yang, Chem. Sci. 2, 706 (2011).
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ABSTRACT 

Thermoelectric properties of segmented nanowires and nanobelts are studied by means of the 

Kubo-Greenwood formula and a real-space renormalization plus convolution method. The tight-

binding and Born models are respectively used for the calculation of electronic and lattice 

thermal conductivities. In particular, we investigate the thermoelectric figure of merit (ZT) of 

periodic and quasiperiodically segmented nanowires with two different cross sections, where the 

segments of the quasiperiodic one are ordered following the Fibonacci sequence. The results 

show an increase of ZT when the cross section area of nanowires diminishes. In addition, we 

present results of ZT in segmented nanobelts with an inhomogeneous cross section. For both 

nanowires and nanobelts, the quasiperiodicity seems to be an important enhancing factor of ZT.  

INTRODUCTION 

Energy conversion through thermoelectric devices constitutes a sustainable alternative for the 

generation of electricity. Their performance can be measured by using the dimensionless figure-

of-merit defined as 
2 ( )el phZT S T    ,   (1) 

where S is the Seebeck coefficient, σ is the electrical conductivity, κel and κph are the electronic 

and phononic thermal conductivities, respectively [1]. The inherent correlation between these 

thermoelectric quantities makes difficult to improve the value of ZT. Recently, nanowire 

heterostructures, such as M2O3/ZnO (M = In, Ga Fe) with compositional segmentation [2], have 

demonstrated a significant improvement of ZT, mainly due to the phonon scattering at composite 

interfaces. Likewise, nanobelt heterostructures have been made [3] and the power factor (
2S ) 

of Sb2Te3 nanobelts was found larger than the corresponding bulk value [4]. 

On the theoretical side, thermoelectric properties can be determined by using the Boltzmann 

equation [5]. For aperiodic nanostructures, the atomic-scale modeling requires innovative 

approaches, since the long-range structural disorder makes useless the Bloch theorem and 

reciprocal space. In this article, we report a quantum mechanical study of thermoelectric 

properties in periodic and quasiperiodically segmented nanowires and nanobelts by means of the 

Kubo-Greenwood formula and a real-space renormalization plus convolution method [6], which 

has the advantage of being computational efficient and able to address a macroscopic number of 

atoms in a non-perturbative way. 

THE MODEL 

In the Boltzmann formalism, the thermoelectric quantities can be calculated by means of the 

Kubo-Greenwood formula as [6,7]  
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  ,    (2) 

Ω is the system volume, ˆ
xp  is the projection of momentum operator along the nanostructure, 

1( ) {1 exp[( ) ( )]}Bf E E k T     is the Fermi-Dirac distribution with chemical potential μ and 

temperature T, ( ) ( ) ( )G E G E G E    is the discontinuity of Green’s functions, being ( )G E
 and 

( )G E
 the retarded and advanced single-electron Green’s functions, respectively.  

On the other hand, the lattice thermal conductivity ( ph ) can be calculated by using the Kubo-

Greenwood formula for phonons given by [8] 

 
ω2 2

ω2 2

0

2 ω
( ) ω (ω) (ω) ,

( 1)

B

B

k T

ph x ph x phk T l
lB

e
T d Tr G G

k T e








 

 A A    (3) 

where the sum of l is over the longitudinal and transversal modes, (ω)phG  is the discontinuity of 

phononic Green’s functions determined by 2( ω ) (ω)phM  I Φ G I  and the elements of matrix 

xA  are 1
2

[ ] ( , ) ( ) ( , )x l j xl j l j    A R R , being 2( , ) ( ) ( )l jl j V u l u j        the dynamic 

matrix. In the Born model [9], 
2 21 1

2 2
ˆ( ) [ ( ) ( )] [ ( ) ( )]l j l jV l j l j       u u n u u  is the 

interaction potential with central () and non-central () restoring forces between nearest-

neighbor atoms l and j, whose bond direction is indicated by the unitary vector ˆ
l jn  and 

displacements from their respective equilibrium positions are ( )lu  and ( )ju . 

Let us consider a single band tight-binding Hamiltonian ( Ĥ ) with null on-site self-energies 

given by  , ,,

ˆ
l j j ll j

H t l j t j l  , where 
, ,l j j lt t  is the nearest-neighbor hopping 

integral. For the sake of simplicity, a uniform bond length (a) is taken and

 , 1 1,
ˆˆ [ , ] 1 1

im ima

x l l l ll
p H x t l l t l l      . For a cubically structured solid, the Hamiltonian 

Ĥ  and the dynamic matrix Φ  are separable, i.e., ˆ ˆ ˆ ˆ ˆH H I I H     , where Ĥ  ( Î ) and Ĥ
 

( Î ) are Hamiltonians (identity matrices) of the parallel and perpendicular subsystems, 

respectively. For systems beyond of one dimension, Eqs. (2) and (3) can be rewritten through the 

convolution theorem as  

2

2
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where E  and 2ωM 
 are eigenvalues of Ĥ

and Φ , respectively. In this article, we only analyze 

the bond problem, i.e., nanowires with null self-energies and a constant atomic mass (M). 

SEGMENTED NANOWIRES 

In this section, we investigate the thermoelectric properties of periodic and quasiperiodically 

segmented nanowires (SNW), as respectively illustrated in Figures 1(a,b) and 1(a’,b’) for cross 

sections of (a,a’) 44 and (b,b’) 99 atoms connected by hopping integrals t. These SNW contain 

two kinds of segments constituted by three bonds with hopping integrals tA or tB along the 

nanowires. For the quasiperiodic case, these segments are ordered following the Fibonacci 

sequence.  

 
  

   
Figure 1. Schematic representations of (a,b,c) periodic and (a’,b’,c’) quasiperiodically segmented 

nanowires with square cross-sections of (a,a’) 44 and (b,b’) 99 atoms and (c,c’) nanobelts with a cross 

section of 71 atoms connected by hopping integrals t1, t2 and t3. These nanostructures contain two kinds 

of segments A and B of three bonds characterized by hopping integrals tA and tB, respectively. 

In Figures 2, we show (a,a’) the electronic density of states 1( ) Im[G ( )]jj
DOS


   , (b,b’) 

electrical conductance ( ) ( )     g  normalized by the quantum conductance 2

0 2e hg , 

(c,c’) Seebeck coefficient (S) normalized by 0 - | |BS k e , (d,d’) thermal conductance by 

electrons ( )el elK      , (e,e’) thermal conductance by phonons ( )ph phK       in the 

unity of the thermal quantum conductance 2

0 (6 )BK k T , and (f,f’) the figure-of-merit (ZT) as 

functions of the chemical potential (µ) for periodic (blue open circles) and quasiperiodic (red 

solid circles) SNW with cross sections of (a-f) 9 9    and (a’-f’) 44 atoms at a temperature 

of 25 K. The numerical calculations were carried out by taking 0.5At t , Bt t , 0.5A  ,

B  , 0.5A  , B   and 
264.81381 10M kg  , where 1t eV   is the hopping integral, 

100 N m   and 20 N m   are respectively central and non-central restoring force constants 

of the periodic leads. The periodic SNW have a length of 402653185 atoms and the 

quasiperiodic ones possess a length of 953434 atoms. All the nanostructures analyzed in this 

paper are connected to two semi-infinite periodic leads with null self-energies, hopping integrals 

t, central  and non-central  restoring force constants. Note in Figures 2(a,a’) that both periodic 

and quasiperiodic SNW have the same electronic band edges ( cE ) at 4.236 | |cE t   for SNW of 
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Figures 1(a,a’) and at 4.8043| |cE t   for SNW of Figures 1(b,b’), where maximum ZT are 

located. Moreover, quasiperiodic SNW have lower electronic and phononic conductance than 

those of periodic ones, which leads to a larger ZT in quasiperiodic SNW than that of periodic 

ones. 

 
Figure 2. Chemical potential (µ) dependence of (a,a’) Density of states (DOS), (b,b’) electrical 

conductance (g), (c,c’) Seebeck coefficient (S), (d,d’) thermal conductance by electrons (Kel), (e,e’) 

thermal conductance by phonons (Kph), and (f,f’) figure of merit (ZT) for periodic (blue open circles) 

and quasiperiodic (red solid circles) segmented nanowires (SNW) with cross sections of (a-f) 99 and 

(a’-f’) 44 atoms at 25 Kelvins. 

SEGMENTED NANOBELTS 

In this section, we investigate the thermoelectric properties of periodic and quasiperiodically 

segmented nanobelts (SNB), as respectively illustrated in the Figures 1(c) and 1(c’). These SNB 

have a thickness of one atom, a width of seven atoms and segments formed by three bonds with 

hopping integrals of tA or tB along the nanobelts. For the quasiperiodic case, these segments are 

arranged following the Fibonacci sequence. In the cross section, we have symmetrically 

distributed non-constant hopping integrals t1, t2 and t3.  

In Figures 3, we show (a,a’,a”) electrical conductivity ( , )T  , (b,b’,b”) Seebeck coefficient 

( , )S T , (c,c’,c”) thermal conductivity by electrons ( , )el T  , (d,d’,d”) lattice thermal 

conductivity ( , )ph T  , and (e,e’,e”) figure-of-merit (ZT) as functions of chemical potential (µ). 

The electrical and thermal conductivities are respectively normalized by 2

0 ( )e a    and 

0 ω (2 )Bk a    of a periodic chain, being ω M  . Figures 3(a-e) exhibit results of a 

fully periodic nanobelt with 1t eV  , 100 N m   and 20 N m  , while Figures 3(a’-e’) 

and 3(a”-e”) respectively show results for periodic and quasiperiodic SNB with 0.3At t , Bt t , 

0.3A  , B  , 0.3A   and B  . These two SNB, as showed in Figures 1(c) and 
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1(c’), have a inhomogeneous cross section of 71 atoms connected by hopping integrals 

1 1.248378t t , 2 0.854990t t , 3 0.579251t t , central 1 1.248378  , 2 0.854990  , 

3 0.579251  , and non-central restoring force constants 1 1.248378  , 2 0.854990  , 

and 3 0.579251  . The periodic nanobelt and SNB have a length of 100663296   atoms, 

and the length of quasiperiodic SNB is 117264507   atoms.  

  
Figure 3. (a,a’,a”) Electrical conductivity (σ), 

(b,b’,b”) Seebeck coefficient (S), (c,c’,c”) thermal 

conductivity by electrons (κel), (d,d’,d”) thermal 

conductivity by phonons (κph), and (e,e’,e”) figure of 

merit (ZT) as functions of chemical potential (µ) for 

periodic (a-e), periodically segmented (a’-e’), and 

quasiperiodically segmented (a”-e”) nanobelts with 

cross sections of 71 atoms at several temperatures. 

Figure 4. Temperature (T) dependence of (a,a’,a”) 

electrical conductivity (σ), (b,b’,b”) Seebeck 

coefficient (S), (c,c’,c”) thermal conductivity by 

electrons (κel), (d,d’,d”) thermal conductivity by 

phonons (κph), and (e,e’,e”) figure of merit (ZT) for 

periodic (a-e), periodically segmented (a’-e’), and 

quasiperiodically segmented (a”-e”) nanobelts with 

cross sections of 71 atoms and orin out   . 

The analyzed band edges ( cE ) in Figure 3 are located at 3.8477 | |cE t  ,  0.34784 | |cE t  , 

and 0.33734 | |cE t   respectively for the fully periodic nanobelt, periodic and quasiperiodic 

SNB. Note that the electrical conductivity () of quasiperiodic SNB is significantly smaller than 

those of periodic nanobelt and periodic SNB. For a given temperature (T), the Seebeck 

coefficient (S) is of the same order of magnitude for three analyzed nanobelts. Observe that the 

thermal conductivities el  and 
ph  of the periodic nanobelt are larger than those of the periodic 

and quasiperiodic SNB. This fact reduces the thermoelectric figure-of-merit (ZT) of periodic 

nanobelt, in accordance to Eq. (1). In addition, a maximum ZT is found in three analyzed 

nanobelts, since  grows and S diminishes when the chemical potential (µ) increases [10].  

Figures 4 show the temperature (T) dependence of thermoelectric properties for the same 

nanobelts as in Figures 3. Observe two behaviors in Figures 4(a-a’’); the metallic one (blue solid 
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circles) when 0.02 | |in cE t     is inside and semiconducting one (open red circles) when 

0.02 | |out cE t     is outside the electronic band. In fact, the thermal conductivity by electrons 

( )el  is related to  through the Wiedemann-Franz law given by 
2 2

23

Bk

el e
T


  , when in  . 

Furthermore, S decreases monotonically with T when out   and 
ph  diminishes with the 

structural disorder. Notice also that there are maximums of ZT in the temperature space and they 

reach large values when out  .  

CONCLUSIONS 

In this paper, we report the thermoelectric properties of periodic and quasiperiodically 

segmented nanowires and nanobelts of macroscopic length in comparison to fully periodic ones 

without segments. The calculations were carried out by using the Kubo-Greenwood formula and 

a real-space renormalization plus convolution method. For all analyzed nanowires and nanobelts, 

we observe maximums of ZT in both temperature and chemical potential spaces. In fact, larger 

ZT are found when out   in comparison to those of in  , i.e., semiconductors should be 

better thermoelectric materials than metals. On the other hand, results reveal the importance of 

the segmentation in ZT and its further improvement when the quasiperiodicity is introduced, 

since its presence reduces the density of long-wavelength phonons and partially avoids the 

thermal conduction by phonons at low temperature. Finally, the present study suggests the 

possibility to improve ZT by introducing an inhomogeneous cross section of nanowires or 

nanobelts, and setting a proper chemical potential position by applying a gate voltage [11]. 
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EDCs, while photochemical and photocatalytic
processes have proved themselves as perspective
methods for water purification and disinfection from
these compounds. Besides the broad number of
investigations devoted to decomposition of Bps using
photochemical approaches, there is almost no
information about mechanistic aspects regarding the
photochemistry of Bps.

In this work aqueous photochemistry of three bisphenors
(4,4'-hydroxyphenylmethane 

(BpF),
4,1'-hydroxyphenylethane (BpE) and
4,4-Bis(4-hydroxyphenyl)valeric acid (DpA)) was
studied by means of stationary (XeBr excimer lamp,2g2
nm) and laser flash photolysis (6 ns, Nd:yAG laser,266
nm) Main attention was paid to determination of:::::l-\ photochemical processes, nature, spectral and
r.:ict:c properties of excited states and primary
.::;rmediates. rate constants of their reactions. Also,
"nai photoproducts and quantum yierds of the photorysis
'';' er. determined and on the basis of obtained data
s,.-heme of Bps photolysis was proposed.
This u.ork was financially supported by Russian
Foundation for Basic Research (grants lvs l6_33-00335
mol_a. 14-03-00692).

[ ] T Suzuki, y. Nakagawa, [. Takano, K. yaguchi, y.
Kazuo. Environ. Sci. Techn ol. 2004, 3g,23g9_2396
fll M.-Y. Chen, M. Ike, M. Fujita. Environ. Toxicol.
2002,17, g0"

Article ID: CpC20t6 90007

Title: Photophysicat

characterizedby lH NMR, MALDI-TOF and elemental
anarysis. And different sub-stituents at the bay positions
of the pDI ring bring about various steric hindrance.
These different steric hindrance have caused significant
differences on the absorption and emission spectra. The
correration between the photophysical properties and the
molecular structure is discussed.

Articte ID: CpC20l 6_90006
Titre: photonic rocarization and transmittance in
macroscopic aperiodic multilayers
Name: Vicenta Sanchez

Affiliation: universidad Nacional Autonoma de Mexico
E-ma il : v icenta@unam. mx

Abstract

The propagation of a wave through a medium is very
sensitive to the structures at wavelength scale. ln
consequence' dierectric materials with periodic,
quasiperiodic, or aperiodicalry ordered structures are
considered excellent candidates for making opticar
components capable of reflecting, confining or guiding
light, just as erectrons and holes in erectronic devices.
These materials are ca'ed photonic crystars. In this
work, we study the optical properties of quasiperiodic
and aperiodic heterostructures, whose layers are
ordered fotowing the gener arized Fibonacci sequence
defined by the substitution rules of A_>A^{m}B^{n}
and B->A. To carry out this study, we developed a new
unified renormari zation method for the quasiperiodic
and aperiodic transfer matrixes in order to analyse the
transmittance for a macroscopic number of layers. In
particular, we calculate the transmittance in
quasiperiodic or aperiodic multirayers for transverse
electric (TE) and magnetic (TM) polarizations by
varying parameters such as the angle of incidence,
refractive index, layer thickness and wavelength. We
find an analyticar expression for the transmittance,
when the layers follow a generalized Fibonacci
sequence for several generations. [n addition, we find
the self-similarity in transmittance spectra when the
arrangement of layers follows a quasiperiodic sequence
(n:l) and a zone where the spectrum presents an
oscillating behaviour if the order is aperiodic (n>l),

Perylen etetra-ca rboxylic
Slipped "face-to-face,'
Different Bay Substitutions
Name: Heyuan Liu
Affiliation: china university of petroleum (East china)
E-mail : liuheyuan I 23 @upc.edu. cn

Abstract

A series of peryleneretracarboxylic diimides (pDIs)
dimers with slipped "face-to-face" stacked structure and
different substituents at the bay positions have been
synthesized and the molecular structures are
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when the incidence angle is null. Finally, the photonic

localization is investigated by looking at the Lyapunov

coefficient and its results are compared with the

transmmitance ones for different incident angles.

Article ID: CPC2016-90008

Title: Theoretical design of boron nitride based

catalysts for oxygen reduction reaction

Name: Andrey Lyalin

Affiliation: National Institute for Materials Science

(NrMS)

E-mail: LYALIN.AndTeY@nims. go jP

Abstract

It is demonstrated that boron nitride (BN), which is

catalytically inert insulator with a wide band gap, can

be functionalized and act as an electrocatalyst for

oxygen reduction reaction (ORR). Such

functionalization can be achieved by the nitrogen

doping or deposition of the BN nanosheets on some

transition metals, such as N(111) or Au(111).

Density-functional theory calculations show that

interaction of BN nanosheets with the metal supports

results in formation of the band states in the forbidden

zone of BN, as it occurs in the case of Ni(l11) support

or a slight protrusion of the unoccupied BN states

toward the Fermi level as it observed for Au(111)

support. Modif,rcation of the BN band structure can be

explained by the orbital mixing and electron sharing at

the interface. Analysis of the binding preference and

adsorption energies of the ORR intermediates on

functionalized BN nanosheets demonstrate possibility

of ORR. It is experimentally proved that overpotential

for ORR at the gold electrode is significantly reduced

by depositing BN nanosheets (Fig. 1). The present

study demonstrates the possibility to functionalize inert

materials to become ORR catalysts, opening new ways

to design effective Pt-free catalysts for fuel cells based

on materials never before considered as catalysts.
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P41: Electronic localization and transport in macroscopic generalized Fibonacci 
lattices: A renormalization approach 
Colloquium: Quantum One-Dimensional Systems 

 
Fernando Sanchez1, Vicenta Sanchez1, Chumin Wang2

 

 
1
Facultad de Ciencias, Universidad Nacional Autonoma de Mexico, CIUDAD DE MEXICO, Mexico 

2
Instituto de Investigaciones en Materiales, Universidad Nacional Autonoma de Mex, CUIDAD DE MEXICO, Mexico 

 
The structural disorder of a solid can profoundly modify the nature of electronic states. It is well known that they are 
all extended in periodic lattices and exponentially localized in random-disordered systems of one and two 
dimensions [1]. In particular, electronic transport and wavefunction localization are two closely related phenomena, 
but their behavior in truly macroscopic aperiodic lattices is a non-widely addressed issue. In this work, we study the 
electrical conductivity of generalized Fibonacci (GF) lattices [2] through the Kubo-Greenwood formula, while the 
localization of electronic wavefunction is analyzed by means of the Lyapunov exponent and participation ratio (PR) 

[3]. For periodic chains, an analytical expression of the Lyapunov exponent is obtained. We have also developed for 
the first time a real-space renormalization method to calculate the PR of macroscopic GF lattices described by tight-
binding Hamiltonians. Moreover, we report a novel unified renormalization method for the Kubo-Greenwood formula 
applied to GF chains. For quasiperiodic lattices, the results reveal a power-law decay of the spectral averages for 
both PR and DC conductivity when the system length increases. In addition, we present a systematic analysis of the 
AC conductivity spectra observing truly large resonant peaks in comparison to the ballistic one. The electrical 
conductance of GF nanowires is also investigated by combining the renormalization method to the convolution 
theorem [4]. Finally, the results suggest that PR could not be proper for the analysis of critically localized states. 

 
[1] E. Abrahams, P.W. Anderson, D.C. Licciardello, and T.V. Ramakrishnan, Phys. Rev. Lett. 42, 673 (1979). 
[2] A. Chakrabarti and S.N. Karmakar, Phys. Rev. B 44, 896 (1991). 
[3] R. Oviedo-Roa, L.A. Pérez, and C. Wang, Phys. Rev. B 62, 13805 (2000). 
[4] V. Sánchez and C. Wang, Phys. Rev. B 70, 144207 ( 2004). 

 

 

P42: Detection and Mechanical Characterization of Lipid Nanoshells using Atomic Force 
Microscopy 
Colloquium: Physics of protein nanoshells 

 
Margherita Marchetti1, Daan Vorselen1, Gijs Wuite1, Wouter Roos2

 

 
1
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2
Rijksuniversiteit Groningen, GRONINGEN, The Netherlands 

 
Multilamellar vesicles (MLVs) have beneficial properties over currently used unilamellar vesicles (LUVs) for drug 
delivery, such as more hydrophobic volume for hydrophobic drugs. Moreover, they may have altered mechanical 
properties, which are suggested to influence cellular uptake. We investigated the mechanics of small MLVs using 
atomic force microscopy (AFM). We quantified the mechanical response of single liposomes by AFM nano-
indentation. Analyzing the total distance of breaks in force-indentation curves we were able to determine the degree 
of lamellarity (1-5) of individual vesicles. This allowed us to characterize the influence of multilamellarity on 
morphological and mechanical properties. We found that MLVs, upon adhesion with a surface, stay in a more 
spherical shape respect to ULVs. Furthermore, the stiffness increases linearly with the addition of each lipid bilayer 
(0.0027 N/m added stiffness). We speculate that the added osmotic pressure, due to the inner and less-deformed 
vesicles, together with their bending, cause the observed stiffening. These results suggest that small MLVs might 
have beneficial properties for cellular uptake. 
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organization and function while
minimizing the effect of prihting on cell

viability and without compromising

printing fidelity and stability of the

construct.

Many bioinks have been formulated for

various cells types, but those currently used

for 3D printing still have challenges and

limitations, mainly low cell viability during

printing and limited resolution and fidelity.

To overcome these limitations, we

developed a new concept of extrusion-based

bioprinting technique, which implements a

microfluidic control in the dispensation of
the bioink. The coupling of microfluidic
platforms with the dispensing system is
made possible by the use of a coaxial

extrusion head that induces the

solidification of the bioink in the form of a

hydrogel simultaneously to its deposition.

In particular, among other components, the

bioink contains alginate, whose gelation is

induced by exposing it to a crosslinking

solution containing calcium ions. The bioink

and the crosslinking solution are delivered

respectively through the internal and

extemal needles of a coaxial-needles system.

At the ending tip of the dispensing head the

two solutions meet causing the immediate

solidification of the bioink due to the ionic

crosslinking of alginate. In this way, it is

possible to deposit hydrogel fibers with
dimensions ranging between 150 and 300

pm. The printing conditions described

above are mild since bioink viscosity is low
and crosslinking conditions can be tuned to

be harmless toward encapsulated cells.

WruW
Figurel.Examples of bioprinted

constructs embedding different cell

types (from left to right): human

umbilical vein endothelial cells

(HUVECs) embedded in a chemically

crosslinked gelatin methacrylate gel;

BM-Human Mesenchymal Stem Cells

(BM-hMSCs) embedded in a chemically

crosslinked gelatin

methacrylate-hyaluronic

methacrylate-chondroitin methacrylate

gel; myoblasts embedded in PEGylated

hbrinogen gel.
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The wave propagation through a dielectric

medium has been shown to be very sensitive

to its structure at wavelength scale [1]. In
consequence, photonic devices based on

dielectric layers ordered following the

periodic or quasiperiodic sequence are

capable of reflecting, confining, guiding or

filtering lights, just as electrons and holes in
electronic devices l2]. In this work, we

report a comparative study of the light
transmission in dielectric heterostructures

with Fibonacci, Thue-Morse.

Rudin-Shapiro, Triadic Cantor and

Period-doubling sequences [1,3].
Furthermore, heterostrucfures with mirror
symmetry can be obtained by concatenating

an aperiodic multilayer to its mirror
strucfure or conjugate one. For example, the

sequence of a mirror Fibonacci multilayer
can be written as ABAAB-BAABA, while a

conjugate one as ABAAB-BABBA. Within

the quarter-wave condition, where the

optical thickness of each layer is )"14, we
observe a perfect transmission sharp peak at

l, for multilayers with mirror symmetry. The

full width at half maximum (FWHM) of this
peak is investigated in detail for analyzed
periodic and aperiodic multilayers with
mirror symmetry, keeping constant the total

number of layers and the refraction-index

ratio of layers A and B, In addition, we

investigate the variation of transmittance

spectra with the incident angle for both

transversal electric (TE) and transversal

magnetic (TM) polarizations. Finally, the

results of this study show the decisive

importance of heterostructural order in the

design and fabrication of photonic devices.

This work has been partially supported by
TINAM-PAPIIT-IN1 14916. Computations

were performed at Miztli of DGTIC-IINAM
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Winn, and R. D. Meade, Photonic

Crystals: Molding the Flow of Light,2"d
Ed. (Princeton University Press, 2008).

3. A. Palavicini and C. Wang, Optics and
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The electronic transport induced by oscillating electromagnetic field in non-crystalline 

nanostructures is still an unclear issue, where the interference between the electronic 

wavefunction and aperiodic potentials has multiple consequences. Recently, branched 

nanowires with tunable three-dimensional (3D) morphology have been obtained, and they 

have wide applications in energy conversion and storage devices [1]. Nonlinear electrical 

properties of branched nanowires have also been reported [2]. In general, the aperiodic 

arrangement of branches avoids the use of the reciprocal space and then, such systems 

should be addressed in the real space. In this work, a renormalization plus convolution 

method developed for the Kubo-Greenwood formula [3] is used to investigate the 

electronic transport in branched nanowires. We report a three order-of-magnitude 

enhancement in comparison to the ballistic alternating current (AC) conductivity, when 

periodic or quasiperiodically placed branches are introduced to an otherwise periodic 

nanowire, which are connected to two semi-infinite periodic leads at its ends [4]. 

Moreover, the temperature variation analysis suggests the possibility to observe these 

resonant AC conducting peaks at room temperature. Given that the imaginary part of the 

dielectric function is proportional to the AC conductivity, we further calculate the optical 

absorption in these aperiodic branched nanowires, finding significant improvements in 

their absorption spectra at infrared range, useful for the solar cell applications.  

This work has been partially supported by UNAM-IN114916. Computations were 

performed at Miztli of DGCTIC, UNAM. 
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